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ABSTRACT

Topics in Model Categories

Chuhao Huang (Mathematics and Applied Mathematics)
Directed by Prof. Bohan Fang

ABSTRACT

The main goal of this article is to present a proof for the equivalence between the homo-
topy categories of simplicial sets and of topological spaces. First, we define model categories
in general and introduce Quillen equivalences between them, which are Quillen adjunctions
that induce equivalences between their homotopy categories. Then, we define simplicial sets,
which only contain combinatorial information. Surprisingly, we can define a lot of homotopy
concepts for simplicial sets which resemble their topological counterparts. To connect simpli-
cial sets and topological spaces, we construct a Quillen adjunction between them using cosim-
plicial topological space, which are called the geometric realization and the singular functor.
Finally, we prove that this adjunction is a Quillen equivalence, which gives an equivalence

between the homotopy theory of simplicial sets and of topological spaces.

KEY WORDS: Model Category, Simplicial Set, Homotopy Category
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%— Introduction

Vavaxd

5$E—E  Introduction

Mathematicians have long been familiar with the power of topological homotopy theory in
algebraic topology. So natural questions arise: can we extend it to other fields of mathematics?
Does something like a general homotopy theory exist somewhere in the world? These questions
lead us to model categories, of which we can study the homotopy theory. In particular, we
can study the homotopy theory of simplicial sets, and it resembles the homotopy theory of
topological spaces in many ways. For instance, we can define simplicial homotopy groups
as the counterparts of topological homotopy groups. And similarly to Serre fibrations, we
can define Kan fibrations, which also induce long exact sequences of simplicial homotopy
groups. These parallels between them make us wonder whether they carry the same homotopy
information. And the answer is yes by our main theorem in the last section, which tells us that
the homotopy categories of simplicial sets and of topological spaces are equivalent.

Apart from this rather classical result, model category also leads us to higher category
theory, which is a recently developed but promising theory that can be applied to many different
fields of mathematics. However, higher category theory is rather complicate and tends to be
quite demanding to understand. Studying model categories may serve as a stepping-stone for

understanding it, especially for (oo, 1)-categories.
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%85 _E Model categories

2.1 Model categories

Definition 1. A model category M is a category M equipped with three classes of morphisms
(W, C,F) which satisfy the following conditions:

(MC1) M is complete and cocomplete.

(MC2) W satisfies the “two out of three” property, meaning that for any three morphisms
(f.g, h) verifying h = g o f, if any two of them belong to W, then the remaining one also.

X h S Z
N A
Y

(MC3) W, C,F are stable under retract, meaning that if any morphism f is a retract of g, with

g belonging to W(or C, or F), then f belongs to the same class. Here f . X — Y is a retract

of g : X' > Y' means that there exist i, r, j and s making the following diagram commutes:

me

(MC4) For any pair of morphisms (i : A - X,p : E - B) suchthati € C,p € FN'W or
i € CNW, p €F, ialways has the left-lifting property with respect to p, or equivalently, p has
the right-lifting property with respect to i. That is to say, if we have two maps f : A - X and
g . B — Y making the outer square of the following diagram commutes, then there always

exists adiagonalmap ¢ : B — X, called the lifting of g, making the whole diagram commutes.

A—LsE

[

X —>B

3
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(MCS5) Every morphism f in M can be decomposed as p » i for some acyclic fibration p and

cofibration i. It can also be decomposed as q » j for some fibration q and acyclic cofibration j.

/f\
\ ﬂ

Remark 1. In the following, we will call the morphisms in W weak equivalences, denoted by
=, the morphisms in C cofibrations, denoted by <, and the morphisms in F fibrations, denoted

by ». We will use these notations through out the article.

Remark 2. The elements in CN'W will be called acyclic cofibrations, denoted by <. Similarly,
the elements in F N W will be called acyclic fibrations, denoted by . They are also called

“trivial cofibrations” and “trivial fibrations” in some references.

Remark 3. We call an object A € M a cofibrant object if the map @ — A is a cofibration.
We also say that A is cofibrant. Similarly, we call an object X € M a fibrant object if the map

X — = is a fibration.

Remark 4. Let A be any object in M. If we apply (M C5) to the map @ — A, then we will
get a factorization @ < QA= A. The object QA is a cofibrant object and is weak homotopic
to A via QAS A. Therefore, we get a functor Q : M — M called the cofibrant replacement
functor. Similarly, we can define the fibrant replacement functor R : M — M by factoring
X = +«as X>RX » =forany X € M.

Remark 5. We use the symbol f L g to mean that f has the left lifting property with respect
to g, which is equivalent to g having right lifting property with respect to f. For a set of
morphisms S, we use S to denote the set of morphisms that have the right lifting property
with respect to every morphism in S. Similarly, we define LS to be the set of morphisms that

have left lifting property with respect to S.

Under this notation, (M C4) is equivalentto Vi € C,Vp e FNnWorVi e CNnW,Vp € F,
we have f L g. Or equivalently, C C* (FAW)andCNn'W c! F. In fact, the following

theorem tells us that these two inclusions are both equal.

Theorem 1. C =- (FAW)andCN'W =1 F.
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Proof: We only prove that C =+ (FN'W), the proof of the other case is similar. Suppose that
i © A — X has the left lifting property with respect to F N W, we prove that it is a cofibration.
By (M C5), we can factoritas i = po j where j : A & W is a cofibration and p : WX
is an acylic fibration. Then i has the left lifting property with respect to p and we get a map

r . X — W making the following diagram commutes:

I

Jsw
Ir \-(N

i

ldX

S

Then r fits into the following commutative diagram, which shows that i is a retract of j € C

and hence i € C:

]

Using this theorem, one can easily prove the following useful theorem. We omit the proof

here.

Theorem 2. Cofibrations and acyclic cofibrations are preserved under pushouts. Similarly,

fibrations and acyclic fibrations are preserved under pullbacks.

Definition 2 (Quillen adjunction). Let M and N be two model categories, and F : M — N
and G : N — M be two functors between the underlying categories. Then F and G is a
Quillen adjunction between M and N if they are adjoint and satisfy the following equivalent

conditions:

e F preserves cofibrations and acyclic cofibrations.
e G preserves fibrations and acyclic fibrations.
e F preserves cofibrations and G preserves fibrations.

e F preserves acyclic cofibrations and G preserves acyclic fibrations.

One can easily prove that these four conditions are indeed equivalent using theorem 1.

5
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2.2 The homotopy category

Definition 3 (The homotopy category). Let M be a model category, then its homotopy category
Ho(M) := M[W~!] is the localization of M at W, together with the localization functor A :
M — Ho(M). That is to say, for any functor F : M — C, where C is an arbitrary category.
If F maps W to isomorphisms in C, then it factors uniquely through A : M — Ho(M).

Definition 4 (Left homotopy). Let M be a model category, and let A, X € M. Let f,g : A —
X be two morphisms. Then f is left homotopic to g, denoted by f =~; g, if there exists C € M

and morphisms making the following diagram commutes:

(idy.idy)

AuAmA

NG
H
(f.8) \L
X

where (ig,i;) : AU A < C is a cofibration and q : C> A is a weak equivalence. Any such

object C together with these two maps is called a cylinder object of A.

Lemma 1. When A is cofibrant, then in any cylinder object as above, C is also cofibrant and

the maps iy, i; : A = C are acyclic cofibrations.

Proof: Since A is cofibrant and the maps ry,r; : A — AU A are the pushouts of @ & A <
@, they are cofibrations. Therefore, iy = (i(,i;) © ry is also a cofibration. Moreover, since
qe°iy = id, and q is a weak equivalence, i is also a weak equivalence by the “two out of

three” property. Therefore, i is an acyclic cofibration, and so is i;. =
Theorem 3. When A is cofibrant, left homotopy defines an equivalence relation on Hom(A, X).

Proof: Only the transitivity needs to be proved. Let f,g,h : A — X be three morphisms
such that f ~; g and g ~; h. Then there exist two cylinder objects C and C’ of A making the

following two diagrams commute:

(id 4,id 4) (id g.id )
AuAfz;;:;\\z\éA AuAd <2y o L Xy
\LH and iH,
(f.g) (g.h)
X X
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Now, to construct a new cylinder object C", we first consider the following pushout diagram
which defines C”: '
A IHI C

and we consider the morphisms defined by

Y 2 .
AUA (.] o.J ll)> C” : ’ N A.

By lemma 1, i; and i(’) are acylic cofibrations. So j and j’, being their image under pushout,
are acylic cofibrations. Since q” o j = ¢, q” is a weak equivalence by the “two out of three”
property. However, (ig,i{) = (j i, j’ *i1) is not necessarily a cofibration. So we decompose

it as
(l n i”l

i)
(i0,i1): AuA — s o 2y,
and define ¢” : C"” — Atobe q" := q" o¢. Finally, we construct H” := (H,H') : C" - X
anddefine H"” := H" o¢p : C" — X. Since H" oi) = H" o¢poiy/ = H"oij = H"ojoiy =
H o iy = f and similarly H"” o i; = h, we get the following commutative diagram:

(i(,), ”.{, ) m

q
(J//,i///) n
A L A< 01 > C/// f >> C// qN A
H”’l
( f, I’l) Hll
X
Therefore, we have f ~; h and thus ~; defines an equivalence relation. o

Theorem 4. If X is fibrant, then for any morphism h . B — A, the induced map h*
Hom(A, X) - Hom(B, X) preserves =~,.

Proof: Let f,g : A — X be left homotopic, then we have a cylinder object C of A and a
morphism H : C — X which gives us the left homotopy f ~; g. Now, we can factor the

weak equivalence C> A as the composition of an acylic cofibration ¢ : CS D and an acyclic

7
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fibration D3 A, and we get the following commutative diagram:

AUA——C<ts D %4

(m l L 3H'
X

Since X is fibrant and ¢ is an acylic cofibration, H factors through ¢p as H = H' o ¢p. Now,

we work with the cylinder object D of A instead of X, and we take an arbitrary cylinder object
D’ of B.
Aua ) vp 1 ¢y

~

BUB c (10’11) > D,

We consider the following diagram:

BuB ﬁ D
o I
(Jod1)\£ ~|q

D

hop

o~

Since go (igoh,ijoh) = (h,h) = (hep)e(jy,j;), the outer square commutes. Then the acyclic
fibration ¢ has right lifting property with respect to the cofibration (j, j;), so we get a lifting

r : D' — D. From this commutative diagram, one can verify that the following diagram

commutes:
BUB c (j[)’jl) > D/ | f N B
huh\L l’ T h
AUAc— 8 p ~ oy
(ig+i1) 4
b
m
X

If we omit the central row of the diagram above, then we get a left homotopy between f o A

and g o A. o

Theorem 5. Forany morphismh : X — Y, the inducedmap h,, : Hom(A,X) - Hom(A,Y)

preserves =~,.

Proof: Let f,g : A — X be left homotopic, then we have the solid part of the following
8
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diagram:
ALl A S } ~5 A
(foh,go h
h
A~
Y

By adding the dotted morphisms in the diagram above, we get a left homotopy between f o A
and g o h. O
Therefore, when A is cofibrant, ~; defines equivalence relations on Hom(A, X) and
Hom(A,Y), and we get an induced map h, : Hom(A,X)/ ~— Hom(A,Y)/ ~,. The
following theorem gives us a sufficient condition for this map to be an isomorphism.
Theorem 6. When A is cofibrant, and h . X — Y is an acylic fibration or a weak equivalence
between fibrant objects, then the induced map h, : Hom(A,X)/ ~— Hom(A,Y)/ ~; is an
isomorphism.
Proof: Case 1. When £ is an acylic fibration.

Suppose that f,g : A — X verify that h,(f) = h,(g). Then f o h ~; go h, and we have

the following diagram:

ALA < (io-i1) N
)

a
s

~

N

I

(foh,goh

~

Now, we consider the following diagram:

ALl AHX

(ioll)\£ l

%y

Since A is an acylic fibration and (i, i ) is a cofibration, the map H canbeliftedto G : C — X.
Because G satisfies G o (ig,i;) = (G iy, G o i) = (f,g) by the diagram above, it gives rise

to a left homotopy between f and g as shown by the diagram bellow:

Aud ) o 5 A

Therefore, h, is injective.
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Since h : X — Y is an acylic fibration and A is cofibrant, every morphism from A to Y
can be lifted to morphism from A to X. Therefore, the map h, : Hom(A, X) - Hom(A,Y)
is surjective, and hence the induced map A, after taking quotients is also surjective.

Case 2. When £ is a weak equivalence between fibrant objects.

We decompose (idy,h) : X — X XY as the composition of an acyclic cofibration

i : XSW and afibration 7 : W - X X Y. Then we get the diagram below:

/i

X&G— XxXY —S% ¥

where @ = pyerand f = pyex. Since idy, i, h are weak equivalences, @ and f are also weak
equivalences by the “two out of three” property. Meanwhile, since py and py are pullbacks of
X » = « Y, they are fibrations, and hence so are a and f. So a and f are acyclic fibrations.
Now, we consider the image of this diagram under the functor Hom(A, —). By case 1, a, and
p.. are isomorphisms. Since (idy ), is the identity, i, = (a, ) is also an isomorphism, and
hence h, = f, i, is an isomorphism. =

Similar to the notion of left homotopy, we can define right homotopy by considering the

path objects as follows.

Definition 5 (Right homotopy). Let M be a model category, and let A, X € M. Let f,g :
A — X be two morphisms. Then f is right homotopic to g, denoted by f ~, g, if there exists

P € M and morphisms making the following diagram commutes:

D% iy p (PO’PI)» X x X
i
(f.8)

where i : X5 P is a weak equivalence and (py,p;) : P - X X X is a fibration. Any such

object P together with these two maps are called a path object of X.

And we have the similar properties for right homotopy.
e When X is fibrant, ~, defines an equivalence relation on Hom(A, X).
e When A is cofibrant, the post-composition h, : Hom(A, X) —» Hom(A,Y ) preserves

~ for any morphismh : X = Y.

10
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e Pre-compositions preserve right homotopy. When X is fibrant, the induced map
h* : Hom(B,X)/ ~,— Hom(A,X)/ ~,

is an isomorphism for any acyclic fibration 4 : A — B or weak equivalence between

cofibrant objects.

Now, for any two objects A and X, there are two relations (not necessarily equivalence
relations) ~; and ~, on Hom(A, X). We wonder whether these two relations are equivalent.

And we have the following result.

Theorem 7. Let f,g : A — X be two morphisms.

e [f A is cofibrant, then left homotopy implies right homotopy.
e [If X is fibrant, then right homotopy implies left homotopy.

Proof: We only prove the case when A is cofibrant, the other case is dual to this.

Since f ~; g, we have the following diagram:

Aua oy o 1y
H
N
X
We take an arbitrary path object of X, denoted by:
X i \ p (1)0,1’1)>> X x X
Then we consider the following diagram:
Jof
A ﬁ P
io\EN 3¢ i(po,l’l)
Cl 3 xxX
(foq.H)

The outer square commutes because (f o g, H) o iy = (f o qeiy H oiy) = (f,f) and
(posP1) e (jof) = (pgeje fapyejef) = (f.,f) Since A is cofibrant, iy is an acyclic
cofibration by lemma 1. Meanwhile, (p, p;) is a fibration. So there exists a lifting ¢. Now,

11
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we define G := ¢poi; : A — P, then it fits into the following diagram:

D% (Po-p1

Iy p o X x X
G
(f.8)
A

This diagram commutes because (pg, p;) e G = (py e G,p; °cG) = (pyepoij,pyeopeoiy) =
(foqoiy, Hoi;) = (f,g). Therefore, we have f ~, g. o

Remark 6. In particular, when A is cofibrant and X is fibrant, ~; and =~, defines the same

equivalence relation on Hom(A, X). We call it the homotopy relation, and denote it by =.

Let M be a model category, we use M, to denote the full subcategory of M containing
all cofibrant objects. Similarly, we define M/ to be the full subcategory of fibrant objects, and
M_, s to be the full subcategory of objects that are fibrant and cofibrant simultaneously. Then
we have inclusions M., & M, & Mand M., & M, & M. The question is whether these
inclusions induce equivalences on homotopy categories? The answer is yes by the following

theorem.

Theorem 8. Let M be a model category, then we have equivalences

Proof: We only prove that Ho(M,) & Ho(M) is an equivalence, the rest follows easily.
The fibrant replacement functor Q : M — M, induces a functor Ho(Q) : Ho(M) —
) & Ho(M).

This is easy to be seen since the morphism QX — X in the cofibrant replacement @ <

Ho(M,). We prove that this functor is inverse to the inclusion functor Ho(M,
QX=X isaweak equivalence for any X € M, which induces an isomorphism in the homotopy
category. o

The theorem above tells us that Ho(M) =~ Ho(M, ;). Now, inside category M, ,, every
object is cofibrant and fibrant simultaneously, and hence the homotopy relation defines equiv-
alence relations on their morphism spaces by remark 6. By passing from morphisms to their

homotopy classes, we define the following category.

Definition 6. The category aM, s consists of following datum:
i Ob.](n-Mcf) = Ob]<Mcf)
o HomﬁMcf(A,X) = Homy (A, X)/ =, forany A, X € M,

12
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We notice that there is a natural functor A’ : M., — zM, ;. The next theorem tells us
that #M, ; together with A" is equal to the homotopy category Ho(M, f) together with 4 :
Mcf g HO(MCf)

Theorem 9. 1’ : M., — zM, ; is the homotopy category A : M., = Ho(M, ;).

Proof: Recall that 4 : M., — Ho(M,) is the localization of M, ; with respect to weak
equivalences. So we only need to verify that A’ : M, ¢ — mM, satisfies the universal property
of localization.

Let F : M., — C be a functor which maps weak equivalences in M, ; to isomorphisms
in C. Then we claim that there exists a unique functor G : 7M., — Csuch that F = G = 1'.
It is easy to see that the map of G on objects must coincide with F. So the only thing remains
is to prove that F induces a map on morphism spaces, i.e., to prove thatif f ~g : A - X in
M., then F(f) = F(g).

For any cylinder object AU A <& W > A, we can always factor the morphism W5 A
as WS W' A, By replacing W by W', we may assume that the morphism W — A is an
acyclic fibration. Since A is cofibrant, A LI A is cofibrant and hence W € M, . The (left)

homotopy between f and g gives us the following diagram:

(id 4,idy)

Since g is a weak equivalence in M, 7, F(g) is anisomorphismin C. So fromid 4 = geiy = goi;
we know that F(iy) = F(q)~! = F(i;), and hence F(f) = F(H oiy) = F(H) o F(iy) =
F(H)+ F(i,) = F(H o1,) = F(g). :

Therefore, we have Hom Ho(Mcf)(A, X) = Homy (A, X)/ ~ for any cofibrant object A
and fibrant object X. Combining this with the equivalence Ho(M) ~ Ho(M, /), we get the

following theorem.

Theorem 10. Let M be a model category and A, X be two objects of M. Then we have
HomHo(M) (A, X) = HomM(QA, RX)/ x>~ .

Here, QA is cofibrant since it is the cofibrant replacement of A. Similarly, RX is fibrant and

hence =~ defines an equivalence relation on Homy;(QA, RX).

13
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2.3 Derived functors and Quillen equivalences

Definition 7 (Total derived functor). Let M be a model category and C be a small category. Let
A : M — Ho(M) be the natural functor. Then a total left derived functor LF, if it exists, is a
functor from Ho(M) to C with a natural transformation € : LFoA = F satisfying the following
universal property: for any functor G : Ho(M) — C and any natural transformation n :
Go A = F, there exists an unique natural transformation u : G = LF suchthatn = €o(ucA).

F

S e D\

M LFe4 ¢
LF

(M)

~

H

=}

We can define total right derived functor in a similar way.

So a natural question is: when does a functor admit a total derived functor? The following

theorem gives a sufficient condition.

Theorem 11. Let F : M — C be a functor, where M is a model category and C is a small
category. Then the total left derive functor LF of F exists if F maps the weak equivalences

between cofibrant objects in M to isomorphisms in C.

Proof: To define LF, we first define a functor F’ : M — C as follows:

e for any object X, F'(X) = F(QX),

e for any morphism f, F'(f) = F(Qf).
Here, O : M — M is the cofibrant replacement functor. To induce a functor Ho(M) — C
from F’, we only need to check that F’ maps weak equivalences to isomorphisms. This is
true since for any morphism f : X — Y in M, QX and QY are cofibrant objects, and Q f :
0OX — QY is a weak equivalence between cofibrant objects. We denote the induced functor
by LF : Ho(M) — C. To construct the natural transformation € : LF o A = F, we take any
object A € M and define e 4 := F(iy) : LF o A(A) = F(QA) —» F(A), whereiy : QA — A
is the morphism in the cofibrant replacement of A. We will prove that L F and ¢ defined above
satisfy the universal property.

Let G : Ho(M) — C be a functor and # : G o A = F be a natural transformation.
Suppose we have a natural transformation y : G = LF. Thenn = € o (u o A) is equivalent

Ny = €401y forany A € M. Applying the natural transformation # to the mapi, : QA — A,

14
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we get the following commutative diagram:

n

G(A) —— F(4)

G(iAﬂ\ MAA TF(iA):gA

G(QA) “rox’ (QA)

Since i 4 is a weak equivalence and G is a functor from Ho(M), G(i 4) is an isomorphism, and
hence the only 4 that makes the diagram commute is p4 = 194 ° G(i 1)~ 1. Therefore, the
required natural transformation u exists and is unique. =

Before proving the existence of derived functors for Quillen adjunctions, we need the

following lemma.

Lemma 2. Let F : M — N be a functor between model categories. If F maps acyclic
cofibrations between cofibrant objects in M to weak equivalences in N, then it maps weak

equivalences between cofibrant objects in M to weak equivalences in N.

Proof: Let X and Y be two cofibrant objects in M and f : XY be a weak equivalence

between them. Consider the left diagram and its image under F:

[F(x)

X <y xuy ¢y FX) S5 FOUF(Y) €5 F(Y)

~ ~

The vertical maps i and g is a decomposition of (f,idy) : X UY — Y such thatiis a
cofibration and q is an acyclic fibration. Then X LY and W are both cofibrant. Since f, idy
and g are weak equivalences, two dotted maps iei y and iiy are both weak equivalences by the
“two out of three” property. Moreover, since i, iy and iy are cofibrations, both dotted maps
are acyclic cofibrations. So by the assumption of the lemma, both dotted maps in the right
diagram are weak equivalences. Then, since id ¢ (y) is a weak equivalence, so is F (q). Finally,
F(f) being the composition of F(g) and the dotted map, is a weak equivalence as well by the

“two out of three” property again. O

Corollary 1. Let F : M 2 N : G be a Quillen adjunction, then it induces an adjunction

between homotopy categories LF : Ho(M) 2 Ho(N) : RG.

15
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Proof: Let 4y; : M — Ho(M) and Ay : N — Ho(N) be the natural functors.

——— > N

Ho(M) % Ho(N)

Now we consider the functor Ay e F : M — Ho(N). Since F preserves acyclic fibrations, in
particular, it preserves acylic fibrations between fibrant objects. Therefore, by lemma 2, F pre-
serves weak equivalences between cofibrant objects, and hence Ay FF maps weak equivalences
between cofibrant objects to isomorphisms in Ho(N). Now, by theorem 11, we know that the

total left derived functor L F exists. Similarly, the total right derived functor RG exists.
Now, we remain to prove that LF : Ho(M) 2 Ho(N) : RG are adjoint.

Let X and Y be two objects in M and N respectively, then by the construction in theorem
11, we have LF(X) = ANF(QX) and RG(Y) = AyG(RY). So we have

Homp o) (LF(X),Y) = Homp ) (AnF(QX),Y) = Homy(F(QX),RY)/ ~
and
Homp oy (X, RG(Y)) = Hompoay (X, AG(RY)) = Homy (QX,G(RY))/ ~
Since F - G is a Quillen adjunction, we have
Homy(F(QX),RY) = Homy(QX,G(RY)).

And we only need to show that this isomorphism preserves homotopy. Assume that f,g :
F(QX) — RY are homotopic, and f', g’ : OX — G(RY) are the corresponding morphisms.
Since f is homotopic to g, we have the following diagram:

p

~

RY

S P % RY XRY

HT %

F(OX)

Then, under the isomorphism, we have a dual diagram:

G(RY) —22 5 G(P) —S" G(RY)x G(RY)
g

16
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Here, we have G(RY X RY) =~ G(RY )X G(RY) since G is a right adjoint and preserves limits.
G(p) is a weak equivalence since G preserves weak equivalences between fibrant objects. G(r)
is a fibration since G preserves fibrations. H' is the dual of H. Therefore, the diagram above

gives a homotopy f' ~ g’. D

Definition 8 (Quillen equivalence). Let M and N be two model categories, and F : M 2
N : G be a Quillen adjunction. Then it is a Quillen equivalence if the following equivalent
conditions are satisfied:

e the derived adjunction LF : Ho(M) 2 Ho(N) : RG is an equivalence.

e for any cofibrant object X in M and fibrant object Y in N, weak equivalences are

preserved under the isomorphism
Homy(F(X),Y) =2 Homy(X,G(Y)).
e for any cofibrant object X in M and fibrant object Y in N, the derived adjunction unit
X - GF(X) -> GRF(X)
is a weak equivalence in M, and the derived adjunction counit
FOG(Y)—-> FG(Y)->Y
is a weak equivalence in N.

The theorem below is a criterion for a Quillen adjunction to be a Quillen equivalence,

which will be useful in our proof of the main theorem.

Theorem 12. Let F : M 2 N : G be a Quillen adjunction between two model categories.
Then it is a Quillen equivalence if it satisfies following two conditions:
o F reflects weak equivalences, i.e., for any morphism f € M, F(f) is a weak equiva-
lence in N if and only if f is a weak equivalence in M,

e forany fibrant object Y € N, the counitey : FG(Y) — Y is a weak equivalence in N.

Proof: We prove the last equivalent condition in definition 8. Suppose that X is a cofibrant
object in M and Y is a fibrant object in N. Let py : X RX be a fibrant replacement of X,
and iy : QY 3Y be a cofibrant replacement of Y.

First, we prove that the derived counit of Y is a weak equivalence. The map FOG(Y) —
FG(Y) = F(QG(Y) — G(Y)) is aweak equivalence since the cofibrant replacement QG (Y ) —

G(Y) is a weak equivalence and F reflects weak equivalences. Meanwhile, FG(Y) — Y is a

17



A REARE RN

weak equivalence by the second assumption of the theorem. Therefore, the derived counit of
Y, being the composition of two weak equivalences, is a weak equivalence.

Second, we prove that the derived unit of X is a weak equivalence. Since F reflects weak
equivalences, we only need to prove that the image of this derived unit under F is a weak

equivalence. We fit it into the following commutative diagram:

£ FG(PF(X))
F(X) —2 % FGF(X) ———% FGRF(X)

. q EF(X) ~fRF<x>
ldF(X) .
F(X) > RF(X)

PF(x)
The left triangle commutes by the counit-unit equation of the adjunction F < G. Since RF(X)
is a fibrant object, the counit e (x) is a weak equivalence. The map pr(y) is also a weak
equivalence since it is the fibrant replacement of F(X ). Therefore, the upper horizontal map

must be a weak equivalence by the “two out of three” property. D

2.4 Cofibrantly generated model categories

Definition 9 (Saturated class of maps). Let C be a bicomplete category and S be a set of
morphisms in C. Then S is saturated if it is closed under pushouts, transfinite compositions,

and retracts.

Definition 10. Let C be a bicomplete category and S be a set of morphisms in C, then we

define
e cell(S) as the set of relative cell complexes, i.e., the maps of the form f : Xy - X
where X = colim,cnX,, and X, is obtained from X,_; by the pushouts along the

coproducts of elements in S':

I—IAa H Xn—l

|

LB, — X,

where f, are elements in S.

e cof(S) as the set of retracts of elements in cell(.S).

Definition 11 (Cofibrantly generated model category). A model category M = (M, C, W, F)
is cofibrantly generated if there are two sets of morphisms, one is %, called generating cofi-

brations, and the other is ¥, called generating acyclic cofibrations, such that

18
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F= g7+
FAW =%

the sources of elements in .% are small relative to cell(.9)

the sources of elements in ¢ are small relative to cell(_# )

Remark 7. The last two conditions above, combined with the other conditions, guarantee that
& and 7 admit small object arguments, which tells us that the set of cofibrations C is equal
to cof (&), and is the smallest saturated class that contains .¥. Similarly, the set of acyclic
cofibrations CN'W, is equal to cof (_# ), and is the smallest saturated class that contains 7 .
For further reading on small object argument, one can consult section 10.5 of Hirschhorn’s

book!!! and theorem 2.1.14 of Hovey’s book!?.
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3.1 Simplicial sets

Definition 12 (Simplex category). The simplex category, denoted by A, consists of following
datum.

e Obj(A) ={[n] ={0,1,2,...,n}|ln € N}

e Homy([n],[m]) = {f : [n] = [m]|f is non-decreasing}

Then simplicial sets are defined as contravariant functors from A to the category of sets.

Definition 13 (Simplicial set). Let Set denote the category of sets. Then the category of sim-
plicial sets, denoted by A, is defined by

A = Func(A, Set).

So every simplicial set X : A — Set contains a set X, :== X([n]) for every n € N.
And for every non-decreasing function f : [n] — [m], these is an induced map between sets
f*: X, —» X,. Moreover, a morphism between two simplicial sets X and Y is equal to a
series of maps ¢, : X, — Y, for every n € N such that they commute with the induced maps
f* on X and Y for any non-decreasing map f.

In particular, we consider two special kinds of non-decreasing maps, called face maps and

degeneracy maps.

Definition 14 (Face maps and degeneracy maps). Let n € N* and i € [n], we define:
e face map 6; . [n — 1] — [n] to be the unique strictly increasing map whose image
leaves out i € [n],
o degeneracy map o) : [n+ 1] = [n] to be the unique surjective non-decreasing map

such that o' (i) = ol'(i + 1) = i.

When the index 7 is clear, we often omit it and just write 6; and o;.

One can easily show that every non-decreasing map f can be generated by the face maps

and degeneracy maps subject to the simplicial relations which is defined as follows.
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Definition 15 (Simplicial relations).

808 =086, 4 ifi<j
0j°0; =0;_1°0; ifi>j
Gjod; =0;°0;_4 ifi<j
cj06; =id ifi=jorj+1
0j°6; =0;_1°0; ifi>j+1

Therefore, for a simplicial set X, we only need to consider the induced maps d' := 6
X, > X,_jand s’ :==0¢' : X, > X, |, then all the other morphisms are generated by them.
Such d' are called coface maps and s’ are called codegeneracy maps. And they satisfy the
cosimplicial relations dual to the simplicial relations.

In this way, we can write down X as follows:

0 1

/d /d
\dl \d2

Xy — X; < — X,

N N
\ \
/4 1/
o

Recall that a simplicial set is a contravariant functor from A to Set, so we can consider
the representable functor Hom(—, [n]) : A’ — Set for every n € N. This simplicial set is

called standard n-simplex, and denoted by A”. Then by the Yoneda lemma, we have

Hom, (A", X) = X([n]) = X,

ne

Under this isomorphism, we can identify a map from A" to X with a n-simplex of X. We will
use this identification without indication in the rest of the article.
Except from A", another kind of simplicial sets that will be important in the future is horn

which is defined as follows.

Definition 16 (Horn). Let k,n € N and 0 < k < n. The k-th horn of A", denoted by A}, is
defined by (A}); = {f : [i] = [n] such that {0, 1, ks un} € imf}. Or equivalently, Ay
is the subcomplex of 0A" generated by all the non-degenerate simplexes of 0A" except for the
k-th face of it.

Remark 8. If we view AZ as gluing n pieces of N'~! along N'2, then one can easily prove

that a map ¢ . A, — X is equivalent to n pieces of (n — 1)-simplexes of X, denoted by
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(00> V15 ey Ugs o0y Uy) Such that d;(v;) = d;_y(v;) for any 0 <'i < j < nsuch that i,j # k.

Here, the equations guarantee that {v;} can glue along there boundaries.

3.2 Cosimplicial objects and adjunctions

Definition 17 (Cosimplicial objects). Let C be a category, then a cosimplicial C-object is a

covariant functor X : A — C.

Example 1. Consider the covariant functor Y : A — A defined by Y ([n]) = A, the standard
n-simplex, and Y (f) = f, : A" —> A", the morphism induced by any map [ : [n] - [m] in

A. Then Y defines a cosimplicial simplicial set.

Definition 18 (Object Category). Let X be a simplicial set, then we define its object category
E(X) as follows:
e Obj(E(X)) = HneN X,

o Hompx(x,y) = {¢ € A|X(¢”)(y) = x}.

There is a natural functor 7 from E(X) to A, which is defined by z(x) = [n] for any
x € X, and 7(¢p) = ¢ for any ¢ € Homp(x)(x, y).

Then we can write X as the colimit of standard simplexes by the following theorem.

Theorem 13. Let X be a simplicial set, then we have

X = colimpx)Yr.

Proof: The theorem is equivalent to X being the initial object in the category of cocones
over Y z. First, we realize X as a cocone over Yz. For any w € E(X), we have w € X, for
some n, and thus w corresponds to amap f,, : Yz(w) = A" — X. Then, X together with the
maps {f,|w € E(X)} is a cocone over Yz. Let Z be any cocone over Y z, together with the
maps g, : Yr(w) = A" - Z. Then we define a map G from X to Z by sending w € X, to
the n-simplex of Z represented by g,. Then G » f,(01..n) = G(w) = g, (01...n) and hence
Go f, =g, forany w € E(X). Therefore, G defines a map from the cocone X to cocone Z.
Moreover, such map is unique by the construction. So X is the initial object in the category of

cocones over Y . o

Theorem 14. Let C be an arbitrary category, then any pair of adjunction F : A2C:Gis

equivalent to a cosimplicial C-object.
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Proof: From adjunctions to cosimplicial C-objects.

We define S = FoY : A - C,whereY : A - A is defined in example 1. Then
S defines the cosimplicial C-object corresponding to the adjunction F <4 G. Now, for any
X € A, we have X = colim £(x)Y 7 by theorem 13. Since F is a left adjoint, it preserves

colimits and we have
F(X) = F(colimgx\Yr) = colimg x)FYn = colimpx)Sx.

From this, we can easily see that different adjunctions correspond to different cosimplicial
C-objects.

From cosimplicial C-objects to adjunctions.

Let S : A — C be a cosimplicial C-object. Then, for any simplicial set X, Sz is a
functor from E(X) to C. And we define F : A - Cby F(X) := colimg x)Sx. In the other
direction, given any object ¢ € C, we define a simplicial set Hom (S, c) by Homq(S,¢), =
Hom(S,,c). And any morphism ¢ : [n] = [m] € A induces S(¢) : S, — S,,, and hence
induces S(¢)* : Homg(S,,,¢) = Homg(S,,c). Therefore, we define a functor G : C — A
by G(c) :== Homc(S,c). Next, we verify that (F, G) is indeed an adjunction. For any X € A

and ¢ € C, we have:

Homc(F(X),c) = Homc(colimgx)Sx,c))
= limyep(x)yHomc(S7(x), )
= limyep(x)Homc(S,, c)
= lim,ep(x)(Homc(S, c)),
= limyep(x)Homy (A", Homc(S, c))
= limyep(x)Homy (Y (x), Homc (S, c))
=~ Homgy(colimgx Y, Homc(S, c))
~ Homg(X,G(c)).

Finally, one can easily verify that these two procedures described above are inverse to each

other. o

Remark 9. Once given S, we know that F(A") = S,. To find out F(X) for a general simplicial
set X, we can first write X as a colimit of standard simplexes. Then we replace these simplexes
by corresponding S,. Finally, we take the colimit to get F(X). In the proof above, we take the

colimit X = colimg xY z. In general, this colimit can be replaced by any other colimit as
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long as the components of the colimit are standard simplexes.

Remark 10. From the proof of theorem 14, we also show that if a functor F : A — C preserves
colimits, then it admits a right adjoint G. In fact, the functor F gives rise to a cosimplicial
C-object S = F o Y. And we can construct F' : A 2 C : G as in the second part of
the proof. Then F(A') = S, = F'(A"). Moreover, F and F' both preserve colimits. Since
any simplicial set can be written as a colimit of standard simplexes, functors F and F' must
coincide for any simplicial set. Therefore, F = F' admits a right adjoint G which is obtained

by G(X) = Homq(S, X).

3.3 Geometric realization

Now, to construct adjoint functors between A and Top, we only need to find a cosim-
plicial topological space. The definition bellow defines a cosimplicial topological space that

corresponds to the geometric realization and the singular functor.

Definition 19. We use |A"| to denote the standard geometric n-simplex which is defined as
the convex hull of n + 1 points Py, P|', ..., P} of generic positions in R". Then any morphism
f o [n] = [m] in Ainduces a continuous map f, . |A'| — |A"| by sending P/ to P}"(i) for any
i € [n] and then extending it linearly. In this way, we define a cosimplicial topological space

|A®| : A — Top.

Remark 11. The reason why we use |A"| to denote the standard geometric n-simplex will be

clear after the following definition of geometric realization, see remark 12.

Definition 20 (Geometric realization and the singular functor). By theorem 14, the cosimplicial

topological space |A°| corresponds to an adjunction, denoted by
|—|:A2Top: S,(-).

For any simplicial set X, the topological space | X | is called the geometric realization of X.
And for any topological space T, the simplicial set S,(T) is called the singular simplicial set
of T.

Remark 12. Recall the construction in theorem 14, we know that the geometric realization

of the standard n-simplex A" is the standard geometric n-simplex, which explains the notation

AT,

Theorem 15. Let X be a simplicial set, then its geometric realization |X| is a CW-complex.
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Proof: We define the n-th skeleton sk, (X ) of X to be the subcomplex of X generated by all
the simplexes of X of dimension < n. Then X = Usk,(X) and sk,(X) can be constructed
from sk,_;(X) as its pushout along A" & A™:

Upenx, 08" — sk,_;(X)

{ l

ua)ENX,,An — Skn(X)
where N X, C X, is the set of non-degenerate n-simplexes of X, i.e.,
NX,:={w€ X,|Aa € X,,_, such that ® = s'(a) for some 0 <i < n — 1}.

Since | — | is a left adjoint, it preserves colimits. Therefore, we have | X| = U|sk,(X)|, where

|sk,(X)| is obtained from |sk,_,(X)| by attaching |A"| = D" along its boundary |0A"| = oD"

as follows:
Upenx, |08 = Uyenx,0D" —> [sk,_ (X))
Upenx, | A" = Uyenx, D" ——> [sk,(X)]
This gives | X| a CW-structure. o
In particular, | X| is a compactly generated Hausdorff space, and we can view | — | as a

functor from A to CG H aus, the category of compactly generated Hausdorff spaces. Then it

preserves finite limits according to Gabriel and Zisman’s paper".

Theorem 16. The geometric realization | — | : A — CGH aus preserves finite limits.

The reason why we consider the category CG H aus instead of Top is that we do not
always have | X X Y| 2 | X| X |Y] in general. Instead, we have | X X Y| = | X| Xk, |Y| using
the Kelley space product, which gives a different topology on the set | X| X |Y| to the usual
topology.
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ZEPUE  Quillen model structures

4.1 Quillen structure on simplicial sets

Definition 21 (Quillen model structure on A). The Quillen model structure on A consists of
following datum:
e Cofibrations are monomorphisms f . X — Y, which are those f such that it is injec-
tive at every level, i.e., f, . X, — Y, is injective for every n € N.
e Fibrations are Kan-fibrations, which are those f : X — Y that have right lifting

property with respect to all horn inclusions.

A} — X
5 .
i v
N — S Y
o Weak equivalences are weak homotopy equivalences, i.e., those f : X — Y such
that its geometric realization |f| : |X| — |Y| is a weak homotopy equivalence of

topological spaces.

According to chapter I, section 11 of Goerss and Jardine’s book!*, this model structure is
cofibrantly generated, with generating cofibrations .# and generating acyclic cofibrations ¢
given by:

I ={0A" > A'},spand 7 = {A] < A'}ocien-

Definition 22 (Pushout-product). Let M be a category that is bicomplete. Let f . X — Y and

g : A — B be two morphisms in M. Then we have the following commutative diagram:

id
XxA L yya

ldX Xg\L td}’ Xg

XxBWYxB

Therefore, it induces amap fog : X X BUyy4 Y XA = Y X B. This map is called the
pushout-product of f and g.

Similarly, if M admits internal homs, one can define the pullback-power

fo8 o xB 5 xAx,a Y8,
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Recall that we use the symbol f L g to mean that f has the left lifting property with

respect to g. Then we have the following useful result.

Lemma 3. Let M be a bicomplete category that admits internal homs. Let f,i, g be three

morphisms in M, then we have f oi L g ifand only if f L g™

Proof: Letf : X - Y,i: A— B,andg : Z - W. Then f oi L g means that all

commutative diagrams of the following form have liftings:

XxBuXXAYxA% z

fDi\L §|¢ \Lg

YxB‘ﬁ w
Herea : X XB— Zand f : Y X A —» Z coincide over X X A. And a, f§, y make the outer

square commutes. The diagram above corresponds to the following diagram:

X —% 7B

fl 34) \Lgui

Y ﬂ(/i?) ZAXya WE

Here @ : X — ZB is the corresponding map of @ : X X B — Z under the isomorphism

Homy (X X B, Z) = Homy (X, Z?). Similarly, we can define f, 7 and ¢. Then (a, f,7, )

makes the upper diagram commutes if and only if (&, f, 7, ¢) makes the lower diagram com-

mutes. o
The proofs of following two facts can be found in Najib Idrissi’s lecture notes on homotopy

theory!®!. We use them to deduce two useful corollaries.

Fact 1. Let f be an acylic cofibration in A and i be a cofibration. Then f o i is an acylic

cofibration.

Corollary 2. Let X be a fibrant object in A and A be an arbitrary simplicial set. Then X is

a fibrant object.

Proof: Wetake f = X —» =andi : @ < A. Then f is a fibration and i is a cofibration.
Let g be any acyclic cofibration. Then by the lemma above, g o i is still an acyclic cofibration.
Therefore, we have g oi L f, and hence g L f~ by lemma 3. Since g is an arbitrary acyclic
cofibration, £ is a fibration. One can easily compute that /% : X4 — «, thus X* is a fibrant

object. =
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Corollary 3. Let X be a fibrant object in A, then the map X o8l X induced by the inclusion
oAl & Al s a fibration.

Proof: Wetake f : X — =andi : dA' & Al. Then f 1is a fibration and i is a cofibration.

. . 1 1, .
By the same argument as in corollary 2, we know that £ : X% — X is a fibration. =

Fact 2. Let f be a cofibration in A, then f oi, is an acylic cofibration, where i, € € {0, 1},

are two possible inclusions A o Al
Corollary 4. Let X be a fibrant object in A, then X 8L x® s an acyclic fibration.

Proof: Wetake f : X — +,andi =i, : A’ - Al Let g be any cofibration. Then by the
lemma above, g o i is an acylic cofibration. Therefore, we have g oi L f and hence g L f o
by lemma 3. Since g is an arbitrary cofibration, ™ is an acylic fibration. We finish the proof

by computing that £ : X Al x o

4.2 Products and internal homs

Definition 23 (Products of simplicial sets). Let X and Y be two simplicial sets. Then their
product X XY, which is still a simplicial set, is defined by:

e (XXY),=X,XY,

o diy,y(x,y) = (dy(x),dy () and sy (x,¥) = (s (x), 5} ().

For any Y € A, we can prove that the functor — X Y : A — A preserves colimits.
First, one can easily prove that the colimit of simplicial sets is level-wise, i.e., (colimX,), =

colim(X,),. Then, we have:

((colimX,) X Y), = (colimX,), XY, = (colim(X,),) XY,
=~ colim((X,), XY,) = colim((X, XY),) = (colim(X, XY)),.

The isomorphism connecting two rows is because the functor — X .S : Set — Set where S is
a set preserves colimits since it is left adjoint to Homg,, (S, —) : Set — Set.
Therefore, by remark 10, the functor — XY : A — A admits a right adjoint, which is the

internal hom in A defined as follows.

Definition 24 (Internal homs). Let X and Y be two simplicial sets. Then their internal hom
YX or Hom(X,Y), which is still a simplicial set, is defined by:
o (YX), = Homi(X x A"Y),
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e forany f : [n] = [m]in A, it induces f, : A" — A", and hence induces [* :

(YX),, = Homy (X x A" - Y) — Homa(X x A" - Y) = (YX),.

Therefore, we have Homz (X XY, Z) = Homi (X, ZY) for any simplicial sets X, Y and

4.3 Quillen structure on topological spaces

Definition 25 (Quillen structure on Top). The Quillen structure on Top consists of following

datum:

Cofibrations are the retracts of relative cell complexes.

Fibrations are the Serre fibrations, maps witch have the right lifting property with re-
spect to the inclusion iy : D" & D" X I that includes D" as D" x {0} C D" X I for

everyn € N.

Weak equivalences are the weak homotopy equivalences.

According to chapter I, section 3 of Quillen’s book!®!, this model structure is cofibrantly

generated, with generating cofibrations .# and generating acyclic cofibrations _# given by:

eﬂ = {aDn g Dn}n21 and / = {Dn g Dn XI}I’IZO

4.4  Simplicial homotopy groups

Recall that we can define the left homotopy relation in any model category using cylinder
objects. In particular, in the case of A, we can take the cylinder object of A tobe A LI A =

Ax0A' & A x Al A, and we can define homotopy in A as follows.

Definition 26 (Homotopy in A). Let f,g 1 A— X betwo morphisms between simplicial sets,
the f is (left) homotopic to g, denoted by f ~ g if there exists h . A X A' > X such that the

following diagram commutes:
A=AxN <y Ax Al ¢ AxA = 4
\ \Lh /
f g
A
Here, iy and i, include A as A x {0} and A x {1} in A x Al respectively.

Remark 13. This homotopy relation may fail to be an equivalence relation on Homj (A, X ) in

general. For example, we consider two maps iy, i; : A = A" mapping A° to the 0-vertex and
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1-vertex of A'. Then we obviously have iy ~ i, but we don’t have i| ~ iy. A remedy for this
problem is to require X to be fibrant, then ~ becomes an equivalence relation by the following

theorem.

Theorem 17. Let A, X € A and X be a fibrant object under Quillen structure, i.e., X is
a Kan complex. Then the homotopy relation defined above is an equivalence relation on

Homgy (A, X).

Proof: This relation is obviously reflexive, so we only need to check that it is symmetric and
transitive.

First, we prove that it is symmetric. Let f,g : A — X satisfy f ~ g. Then there
exists a morphism ¢ : A x Al such that ¢(a,0) = f(a) and ¢(a,1) = g(a). We now have
two morphisms from A X Al to X, one is ¢ and the otheris gop : AXA > A > X
where p : A x Al - A is the projection on the first factor. Since A X A% is the pushout
of Ax Al © A & A x Al, where both inclusions identify A with A x {1} C A x A!l, and
¢(a,1) = g(a) = gop(a, 1), weconstructamap H = (gop,¢p) : AX A% - X.

It corresponds to a map H' : A% — X4, By corollary 2, X is a fibrant object. Therefore,
we can lift H' to G’ : A> — X, which corresponds to G : AX A> — X. Leti = id, X 6, :
AxA & AxANandh = Goi : Ax A = X. Then h(a,0) = G(a,0) = H(a,0) =
ge°p(a,0) = g(a) and h(a,1) = G(a,1) = H(a,1) = ¢(a,0) = f(a). Therefore, h gives a
homotopy g ~ f.

Next, we prove that it is transitive. Let f,g,h : A — X be three morphisms such that
f~gandg ~ h Letpand ¢’ : Ax Al > X be the homotopies f ~ g and g ~ h, i.e.,
¢(a,0) = f(a) and ¢(a,1) = ¢'(a,0) = g(a) and ¢'(a,1) = h(a). Since A X A% is the
pushout of A x Al © A & A x Al, we can construct a map H = (¢, ¢’) : A X A% - X.

Similar to the proof of symmetry, we can lift H to amap G : A x A> — X. And we define
¢" = Golidyx8;) : AXAl & AXA? — X where §, : Al & A? sends A' to the 1-edge of A%,
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Then h satisfies ¢” (a,0) = G(a,0) = H(a,0) = ¢(a,0) = f(a) and ¢"(a,1) = G(a,2) =
H(a,2) = ¢'(a,1) = h(a). Therefore, ¢” gives a homotopy f =~ h. o

Similarly, we can define the relative homotopy for any pair of simplicial sets B C A. Two
morphisms f,g : A — X that are equal over B are homotopic relative to B if there exists
a homotopy 4 : A x A' — X such that | g, (b,1) = f(b) = g(b). And one can prove as
before that this defines an equivalence relation.

Now we are ready to define simplicial homotopy groups for a fibrant object X € A. Recall
that for a pointed topological space (.S, s), we define z,(.S, s) to be the homotopy classes of
continuous maps from (D", dD") to (.S, s). By replacing the n-disk D" by the standard n-

simplex A", we get the following definition of simplicial homotopy groups.

Definition 27 (Simplicial homotopy groups). Let X € A be a fibrant object, i.e., X is a Kan

complex, and let x be a vertex of X. Then its homotopy groups are defined by:
7,(X,x) = Hom((A",0A"),(X,x))/ =~

Remark 14. Let @ : A" — X satisfying a(0A") = x represents an element of z, (X, x).
Then we can view a as a n-simplex of X, and the condition a(0A") is equivalent to d(a) =

(x,x,...,x). We denote it by 0(a) = x for simplicity.

Similar to the concatenation which defines a product structure on topological homotopy
groups, we can also define a product structure on simplicial homotopy groups 7z, (X, x) for

n > 1, making it into a group when n > 1 and moreover an Abelian group when n > 2.

Definition 28 (Group structure). Let X be a simplicial set and a,f : A" — X represent
elements of m,(X, x), where n > 1. By remark 14, we can view a and p as faces of X satisfying
oa = 0f = x. Then we can define a map ¢ AZH - Xbyp = (x,x,...,x,a,—, ) as
described in remark 8. Since X is fibrant, the map ¢ can be lifted to a map o : A'T' - X,
which represents an element in X, . Then, we define the product of a and p in x,(X,x) as

the homotopy class represented by d,w : A' - X.
Theorem 18. The definition above is well-defined.

Proof: First, the map ¢ exists since one can easily verify that d;(v;) = d;_;(v;) for any

0<i<j<n+landi,j#n Here,v;=xfor0<i<n—-2,v =a,and v, | = f.

n—1
Next, we prove that d,w : A" - X maps 0A" to x. This is true since ¢ maps all (n — 1)-

simplexes of AZH to x. Therefore, d,w indeed represents an element in 7, (X, x).
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Finally, we prove that the homotopy class of d,@ does not depend on the choice of the

representatives a, ff, and w. Suppose that i, _; : A" X Al > Xisa homotopy a ~ o

R, @ A'x Al - X is a homotopy f ~ f', w satisfies do = (x, ..., x, a,d,®, f§), and @’

satisfies dw’ = (x,...,x,a’,d,@’, '). Then we can construct the following diagram:

The horizontal map comes from two maps. One is
(w,0") : A x oAl = AU {0} u A x {1} = X,

and the other is

(XX By g = hyyy) T AP A 5 X
The well-definedness of this map is due to the following reason. Over the intersection
(A oA N (AP Al = AT oAl = AP {0y L AT X {11,
we have
(w’w,”/\ﬁ“x{o} = a)|AZ+1 = (X, .., x, @, —, B),
(a”wlﬂz\ﬁ“x{l} = a)’|AZ+1 = (x,...,x,a’,—, f),
while
(X o0 X, By s —, hnH)\AZHX{O} = (X, ., X, @, —, B),
(Xy s x, By qs —, hn+1)|AZ+1x{1} = (%, ., x,a',—, ).

Therefore, the horizontal map in the diagram above exists. Since X is fibrant and the vertical

inclusion is an acylic cofibration, it can be lifted to a map ¢ : ATl Al 5 X, Now, the

composition
w1 . Opxid nil | é
ATXA — A" XA —— X
defines a homotopy d,w ~ d,w’ (rel 0A"). o

As we have mentioned before, the product defined above makes 7, (X, x) into a group
when n > 1 and into an Abelian group when n > 2. The proof of this result is not difficult but

tedious and irrelevant to the main topic of this article. So we recommend those readers who
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are looking for a proof to consult Goerss and Jardine’s brilliant book “Simplicial Homotopy
Theory”!*).
In the case of topological spaces, a well know and powerful result is the long exact se-

quence induced by any Serre fibration. We have a similar result in the case of simplicial sets.

Theorem 19. Let p : X — Y be a fibration between fibrant objects. Let x be a vertex of X,
and we denote F = X Xy {p(x)} to be the fiber of p over p(x). Then we have a long exact
sequence:

o, (F,x) > m,(X,x) > m,(Y,p(x)) > 7,_;(F,x) - ...

The boundary map 0 : z,(Y,p(x)) - x,_;(F,x) is defined as follows. Leta : A" - Y

represents an element in 7z, (Y, p(x)), then we consider the following diagram:

Ay ——

\E Jw \( i

~ p

N — Y
Since p is a fibration and the inclusion AJ;S A" is an acylic cofibration, we can lift @ to @ :
A" - X. Since pow = a maps 0A" to p(x), @ maps A" to the fiber F and d,w defines a
map from A"~ to F. Moreover, d,® maps A" ! to x since dA""! C A" and A" is mapped to
x under w. Therefore, d, @ represents an element in z,,_;(F, x), and we define d[a]| = [d,w].

The next theorem shows that d[«a] is well-defined.
Theorem 20. The definition above does not depend on the representatives a and .

Proof: Let H : A" x Al be a homotopy between a and a’. Let @ and ' be the lifting of «

and a’ to X respectively. We consider the following diagram:

(x.(0.0"))

(Apx Al U (& x 0A) —22 05 x
iiN -‘;;....-‘.—,G'A.-‘.A p
An X Al L.t > Y

H
The upper horizontal map is well-defined because w|yn = @' Ar = x. Since i is an acylic
cofibration and p is a fibration, we can lift H to G. Now, the composition

(8,-id

Al LDy a6y x
actually lands in F since pe G| pxat = H|jaxal = P(x). And it gives the homotopy between
d,wand d,w'. o
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Proof: [Proof of Theorem 19] See lemma 3.4.9 of Hovey’s book!?. o

Lemma 4. Let X be a simplicial set. If the morphism f . X3+ is an acylic fibration, then

7,(X,x) = 0 foranyn > 0.

Proof: Leta : A" — X represents an element in z,(X,x) with n > 0. Then we want
to construct a homotopy between « and the constant map x relative to dA”. We consider the

following diagram:

x,a),

(8" x oA U (oar x A1) T s x

[ ok

A x Al S

The horizontal map restricts to @ on A" X {0} and sends the rest to x. This map is well-defined
since a maps dA” to x. Now the inclusion, being a cofibration in A, has the left lifting property
with respect to the acylic fibration X — +. Therefore, there exists ¢ : A" x Al - X which

gives a homotopy between a and the constant map x relative to 0A". D

Lemma 5. Let f : X — Y be a map between simplicial sets. If f is a Kan fibration, then its

geometric realization | f| is a Serre fibration.
Proof: See corollary 3.6.2 of Hovey’s book!?]. =

Theorem 21. Let X be a simplicial set which is fibrant in the Quillen structure, x be a vertex

of X. Then we have ro(X) = my(| X

), and 7, (X, x) = x,(|X|, |x|) for any n > 0.

Proof: We prove by induction on .

When n = 0, for any x, x" € X, they are homotopic when there exists y € X such that
d°(y) = xyand d'(y) = x,. Suppose that X = X, X, Li...L X, and that each X, can not be
decomposed as the disjoint union of two subcomplexes. Then, for any two points x, x” inside
the same X, they are connected by a path of 1-simplexes (¥, ¥, ..., y,) such that d°(y,) =
x,d(y;) = d°(y;,) for0 < i < r,and d'(y,) = x'. Then d°(y;) and d'(y;) are connected
by y; € X, and hence [x] = [d°(yo)] = [d' (yo)] = [d°(y))] = [d'(y))] = ... = [d' ()] =
[x"]. Therefore, 7o (X ) = {0, 1, ..., k}. Meanwhile, | X| = | X;|U|X,| U...U | X}
easily check that each | X;| is connected. Thus, we have z,(X) = {0, 1, ..., k} = 7y(| X|).

, and one can

Now, suppose that z,_;(X,x) = x,_;(|X], |x|), we prove that (X, x) = (| X]|, |x|).
35



A REARE RN

We first define the path space PX as the pullback of the following diagram:

PX — v x4
ﬂl \L(do,dl)

X b X _ xxx

(X,idX

Since the map PX — X — {x} is the pullback of X A x9 o X2 which is an acylic
fibration by corollary 4, PX — {x} is also an acylic fibration. Therefore, we have z,,(P X, x) =
0 for any n > 1 by lemma 4. Now, we define the loop space QX = PX Xy {x}, i.e., the fiber
of the fibration PX — X over x. Then we have the following long exact sequence by theorem
19:

o1, (PX,x) = n,(X,x) > 7, | (QX,x) > 7, |(PX,x) > ..

Since 7z,(PX,x) = 0 for any n > 1 and 7y(PX) = 7y(X), we have ,(X) = z,_;(QX) for
any n > 0. Meanwhile, since 7 : PX — X is a (Kan) fibration by corollary 3, |z| : |PX| —
| X| is a Serre fibration by lemma 5. Since | — | preserves finite limits by theorem 16, we have

[QX| = [PX]X|x| |x|. Again, this Serre fibration induces a long exact sequence of homotopy

groups and we get z,(| X1, |x|) = 7,_;(|]QX]|,|x|). Now, combining these two isomorphisms

]

with our induction hypothesis, we prove the isomorphism for n: z,(X,x) = z,,_;(QX,x) =
7,1 (|QX], [x]) = 7, (| X]. [x]). o

4.5 The Quillen equivalence

Theorem 22 (Main theorem). The adjunction | — | : A 2 Top : S, is a Quillen equivalence.

Here, A and Top are both equipped with Quillen model structures.

Proof: First, by definition, we know that the geometric realization preserves cofibrations and
acyclic cofibrations, so they are Quillen adjunction by definition.

Then, we use theorem 12 to prove that it is a Quillen equivalence. First, we know that
| — | reflects weak equivalences by definition. Then, we need to prove that the counit €y :
S.(X) — X is a weak equivalence in A for any fibrant object X in Top. In fact, we can prove
this for any topological space X, not necessarily fibrant. That is to say, we want to prove that
7,(|S¢(X)], |x|) = =,(X, x) is a bijection when n = 0 and a group isomorphism when n > 0
forany X € Topand x € X.

Now, an important observation is that .S, (X) is fibrant for any X € Top. This is because

under the adjunction of | — | and S,(—), the diagram below on the left is equivalent to the
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diagram on the right, where the dotted morphism clearly exists since |A}| is a deformation

retract of |A"|.

Al — S,(X) A —> X
\E ‘1 and \E "(
A | A" |

Therefore, by applying theorem 21 to .S, (X ) we get

7a(S0 (X)) [x]) 2 7,(S4(X). %)
= Hom (A", 0A"), (S.(X).x))/ =
X))/ =

= Homyp,,((|A"], [04"

)- (X,

B

=7, (X, x)
Here, the isomorphism
Homp (A, 04"), (S¢(X), x)) = Homrp,,((|A"], [04%]), (X, x))

is due to the adjunction | —| and S,(—). And we only need to verify that homotopy is preserved

under this isomorphism. This is obvious by the isomorphism

Homz (&' x Al,0A" x Al), (S,(X), x))
= Homp,,((|A" x A[, [0A" x A']), (X, x))
= H omp,,((|A"] X I, [0A"] X I), (X, x)).
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