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0 Introduction

From the Thom spectrum MU which is constructed from the universal com-
plex vector bundles, one can define the associated generalized homology the-
ory MU, and cohomology theory MU*. In 1960, Milnor computed the complex
cobordism ring MU*(pt) in his paper [9] using the Adams spectral sequence.
This spectral sequence is used to compute the stable homotopy groups, and
was introduced by Adams in his work [1] in 1958. However, this is a rather
complicated and powerful tool and involves the refined structural results for the
Steenrod algebra. So one may wonder whether there is a more elementary proof
of Milnor’s result. And the answer is yes. In 1971, Quillen gave a new proof of
Milnor’s result in his work [10]. This new proof is more elementary in the sense
that no Steenrod algebra or Adams spectral sequence is involved. The key of
Quillen’s proof relies on two different ways of constructing cohomology opera-
tions on MU* and a relation between them. Instead of proving Milnor’s result
directly, he proved a new theorem which is now called Quillen’s Theorem, and
is presented as Theorem [4.2.1fin our article. Using his new method, he proved
that MU*(X), as a module over the subring C' of 7, (MU) which is generated
by the coefficients of the formal group law over the complex cobordism ring,
is generated by the elements of non-negative degree. Then, as an immediate
corollary, he showed that C' is equal to 7 (MU). Combining this with Lazard’s
Theorem which gives the structure of the universal formal group law, he was
able to prove the Milnor—Quillen theorem. Our goal of this article is to follow
Quillen’s argument and to present the proof of Quillen’s Theorem in [10].

We will begin with the axiomatic definitions of generalized (co)homology
theories. Then Brown’s representability theorem tells us that every cohomology
theory comes from an 2-spectrum. Conversely, given a spectrum, we are able to
construct the associated (co)homology theories. A large class of spectra, called
Thom spectra, can be constructed from Thom spaces of vector bundles. In
particular, we are interested in the Thom spectrum MU that is constructed from
complex vector bundles. We denote the associated (co)homology theories by
MU, and MU*. Then we are able to define the Conner—Floyd classes in MU*
that resembles the Chern classes in ordinary cohomology. In particular, we are
able to define Euler classes of complex line bundles, which further leads to the
definition of a formal group law on m(MU). This is the content of Chapter 1.

Since Thom spectra are constructed from vector bundles, one may expect
that the associated (co)homology theories admit geometric interpretations. This
is indeed the case, and is well explained by the Thom—Pontryagin construction.
In particular, we are able to view MU, (X) as the complex bordism group of X
for any topological space X. And moreover, the coefficient ring my(MU) can
be identified with the complex cobordism ring. It is not surprising that we can
generalize the Thom—Pontryagin construction to MU* and also give a geometric
interpretation to it. But we have to assume X to be a manifold in this case.
Both the Thom—Pontryagin construction and its generalization to cohomology
is discussed in detail in Chapter 2.

In Chapter 3, we will define two cohomological operations on MU*. One



is the Landweber—Novikov operations, which come from a characteristic class
in the cohomology MU* that resembles the Chern polynomial in the ordinary
cohomology, and the other is the Steenrod operations, which are defined using
permutation group actions. It turns out that these two operations are closely
related to each other, and we can work out the relation between them through
a fixpoint argument.

Finally, the main theorem (Quillen’s Theorem) is stated and proved in Chap-
ter 4. The first key ingredient of the proof is the relation between cohomolog-
ical operations that we have developed in the previous chapter. And the sec-
ond key ingredient is a technical lemma that can be viewed as a refinement in
the finite dimensional cases of the Gysin sequence associated with the univer-
sal Z/k-bundle S* — S*/(Z/k). After the proof of Quillen’s Theorem, we will
combine it with Lazard’s Theorem to compute the coefficient ring . (MU) and
prove the Milnor-Quillen Theorem.

1 Generalized (co)homology theories and spec-
tra

In this section, we will give the definitions of generalized homology and coho-
mology theories. They are in many ways similar to the ordinary (co)homology
theories and share many properties. However, a huge difference is that their
values on a point are no longer concentrated only on degree 0. Therefore,
the coefficient ring of a generalized (co)homology theory can be rather com-
plicated and may contain interesting topological information. Using Brown’s
representability theorem, one finds out that there is a strong relation between
generalized cohomology theories and spectra. So we will define what a spectrum
is and introduce the stable homotopy category.

There is a huge class of spectra that is of particular interest, namely the
Thom spectra. This class of spectra is constructed from the (B, f)-structures,
which are used to impose special structures on vector bundles. Therefore, their
associated (co)homology theories have geometric interpretations via the Thom—
Pontryagin construction. In particular, we will be interested in the Thom spec-
trum MU associated with the stable complex structure of vector bundles, which
gives rise to the complex (co)bordism theory. The detailed discussion of this rela-
tion will be postponed until Chapter 2, where we will give the Thom—-Pontryagin
construction for homology theories and generalize it to cohomology theories.
Now, let’s begin with the definition of generalized (co)homology theories.

1.1 Generalized (co)homology theories

We have two versions of generalized (co)homology theories. We consider
either the relative version, defined for a pair of CW-complexes A € X, or the
reduced version, which concerns pointed CW-complexes. After defining them
respectively, we will point out that they are in fact equivalent. In the following,



we will only define generalized cohomology theories, and homology theories can
be defined similarly.

Definition 1.1.1 (Generalized cohomology theories (relative version)). A gen-
eralized relative cohomology theory h* is a contravariant functor from the cat-
egory of CW -pairs to the category of graded abelian groups, together with a
natural transformation § : h*(A, &) — h*TH (X, A) that satisfy the following
properties:

e (homotopy aziom) If f,g : (X, A) — (Y, B) are two morphisms between
two CW -pairs that are homotopic, then we have

f*=g*:h*(Y,B) > h*(X, A).

o (exactness axiom) For any CW-pair (X, A), we have a functorial long
exact sequence

C (X, A) > BF(X) > h*(A) S pH(X, A) > -

where we use h*(Y') to denote h*(Y, &) and the first two maps are induced
by inclusions.

e (excision aviom) Let (X, A) be a CW -pair, and U be a subcompler of X
that satisfies U € A. Then we have the excision isomorphism

h*(X,A) = h*(X -U,A-U),
where the map is induced by inclusion.

Remark 1.1.2. A cohomology theory h* defined above is said to be additive if
it further satisfies

where (X;, A;) are CW -pairs and the isomorphism is induced by inclusions.

Remark 1.1.3. By the exactness axiom and diagram chasing, one can prove
the long exact sequence for a triple (X, A, B) where BS Ac X:

- — h*(X,A) - h*(X,B) - h*(A,B) - h*T1(X, A) - - .-

Here, the first two maps are induced by inclusions, and the last map is the
composition of

h*(A, B) — h*(4) 5 h*+1(X, A).
Now we give the definition of a reduced cohomology theory.

Definition 1.1.4. (Generalized cohomology theories (reduced version)) A gen-
eralized reduced cohomology theory k* is a contravariant functor from the cate-
gory of pointed CW -complexes to the category of graded abelian groups, together
with functorial suspension isomorphisms o : k*T1(XX) = k*(X) that satisfy
the following properties:



e (homotopy axiom) If f,g : X — Y are two morphisms between two
pointed CW -complezxes that are homotopic, then we have

fr=g"  B5(Y) = EH(X).

o (exactness axiom) If (X, A) is a pointed CW -pair, then we have the fol-
lowing ezact sequence

F*(X ua CA) — E*(X) — k*(A),

where X U4 CA is the mapping cone of the inclusion A — X and the
maps are induced by inclusions.

Remark 1.1.5. A reduced cohomology theory k* defined above is said to satisfy
the wedge axiom if it satisfies

k*(\/ X;) ~ H E*(X;),

where X; are pointed CW -complexes and the isomorphism is induced by inclu-
S50MS.

As we have said at the beginning of this section, these two ways of defining
a cohomology theory are actually the same, and their relation is given by the
following.

Let h* be a relative cohomology theory, then we define its associated reduced
cohomology theory K (h)* to be

K(h)*(X) = h*(X, o),

where X is any pointed CW-complex, and xg € X is the basepoint. The sus-
pension isomorphism o : K(h)*T1(3X) = K(h)*(X) is given by

o: K(h)*™(2X) = h*TH(EX, pt) = h*TH(2X,C_X)
=~ h* O, X, X)
=~ h*(X,pt) = K(h)*(X),

where the first isomorphism comes from the homotopy axiom, the second from
the excision axiom, and the last from the long exact sequence associated to the
triple (C+ X, X, pt) which is explained in Remark

Now one can prove that K (h)* really defines a reduced cohomology theory.
The verification of the axioms is basically diagram chasing and is rather tedious,
so we will omit it here.

In the opposite direction, given a reduced cohomology theory k*, we can
also associate a relative cohomology theory H (k)* to it, which is defined by

H(k)* (X, A) = k*(X ua CA).



Here, X ua CA is a pointed CW-complex with the canonical basepoint. In
particular, since A ug C@F = A u {pt} = A4, we have H(k)*(A) = k*(4,).
And the coboundary map § : H(k)*(A) — H(k)**1(X, A) is given by

§: k¥ (Ay) 2 E¥TH(ZAL) — B*THZA) — E*TH(X ua CA) = H(k)*T(X, A),

where the first isomorphism is the suspension isomorphism of k*, and the second
morphism comes from the map XA — XA, that collapses the two ends of ¥ A,
and the third morphism is induced by the map X uqg CA — XA where X is
collapsed to a point.

Again, one may verify that H(k)* defined above really is a relative coho-
mology theory. Moreover, we have H(K(h*)) = h* and K(H(k*)) = k* for
any relative cohomology h* and reduced cohomology k*. Therefore, these two
definitions of a generalized cohomology theory are equivalent.

Remark 1.1.6. One sees easily that additive relative cohomology theories cor-
respond to reduced cohomology theories satisfying the wedge aziom.

Remark 1.1.7. Like the long exact sequence associated with a triple that is
explained in Remark the Mayer—Vietoris sequence can also be deduced
from the axioms, and hence is satisfied by all generalized cohomologies. Again,
the proof is just diagram chasing, so we will omit it here.

1.2 Spectra

What we have done above is to define generalized (co)homologies abstractly
using axioms. In fact, we can construct them concretely using spectra. And this
begins with Brown’s representability theorem which tells us when a contravari-
ant functor from the category of pointed CW-complexes to abelian groups is
representable.

Theorem 1.2.1 (Brown’s representability theorem). Let F' be a contravariant
functor from the category of pointed CW -complezes to abelian groups. Assume
that F satisfies the following requirements:

o (wedge axiom) Let X;, i € I be pointed CW -complexes, then we have
PO/ X)) =] [F(X3),

where the isomorphism is induced by inclusions .

o (Mayer—Vietoris axiom) Let X be a CW-complex, and A, B be two sub-
complexes of X such that X = A U B. Then we have the following exact
sequence

where the first map is F(io)®F (i) and the second map is F(ja)—F(jB).
Here, iy : A — X and ja : An B — A are inclusions and ig, jp are
defined similarly.



Then there exists a pointed CW -complex K and an element u € F(K), such that
the map T, (X) : [X, K] — F(X) defined by T,(X)(f) = F(f)(u) is an isomor-
phism for any CW -complex X. Here, we use [X, K] to denote the homotopy
classes of continuous maps from X to K.

The proof of this theorem can be found in Brown’s original paper [4] and
will be omitted here.

Remark 1.2.2. The CW-complex K is called the classifying space of the func-
tor F', and u is the universal element.

Remark 1.2.3. In fact, in Brown’s representability theorem, the way we asso-
ciate a classifying space and an universal element to a functor is natural. To
be specific, let G be another contravariant functor with associated classifying
space L and universal element v. Then there is a bijection between the natural
transformations from F to G and maps from K to L satisfying certain prop-
erties. Concretely, given a mnatural transformation T : F — G, there exists
a unique homotopy class of map [f] € [K, L] such that the following diagram
commutes for any pointed CW -compler X

(X, K]~ (X, 1)

Tu(X)J/ lTv(X)

F(X) W G(X).
In particular, by taking X = K in the diagram above, we get the property that
the map f should satisfy: G(f)(v) = T(X)(u).

Let k* be a reduced cohomology theory, then each k™ satisfies the require-
ments of Brown’s representability theorem. Therefore, for every n € Z, there
exists a pointed CW-complex K, and an element u, € k™(K,,) such that the
map

Ty, : [X, K] — K"(X)

defined by the pullback of u,, is an isomorphism.
Now we focus on the suspension isomorphism o : k"*1(XX) = k"(X).
Since we have

E"THEX) = [BX, Knpa] = [X, QK41

we may view k"T1(XX) as a functor represented by QK,, 1. Then by Remark
the isomorphism ¢ corresponds to a homotopy equivalence ¢,, from QK,,
to K,,. This leads to the following definition of a spectrum.

Definition 1.2.4. A spectrum E, is a sequence of pointed CW -complexes E,
indexed by n € N together with cellular structure maps o, : XE, — E,4 1.

Remark 1.2.5. Instead of considering the structure maps o, : XE, — E,1
themselves, we can also consider their adjoint maps B, : E, — QFE,11. And
they also play an important role in theories concerning spectra.



Remark 1.2.6. In some references, it is required that the structure maps o,
be inclusions of subcomplexes. This is not far from our definition, since we can
always reconstruct our spectrum term by term using mapping cylinders. The
resulting spectrum is homotopic to our original one with structure maps being
inclusions of subcomplexes. This construction is called the telescope construc-
tion, and is well explained in Chapter 4, Part III of Adams’ book [2)].

Therefore, using Brown’s representability theorem, we have constructed a
spectrum K, from the reduced cohomology theory k*. Moreover, the adjoint
structure maps ¢, : K,, — QK41 of this spectrum are homotopy equivalences.
We call a spectrum satisfying this condition an Q-spectrum.

The next step is to define morphisms between spectra. Since each spectrum
is a sequence of pointed C'W-complexes and what we are really interested in is
what happens when the index tends to infinity, we should allow a morphism to
be defined on a given cell of E,, only after possibly increasing n by the structure
maps. To this end, we quote Adams’ slogan “cells now - maps later” from his
book [2|. The precise definition of morphisms between spectra can be found in
Chapter 2, Part III of the same book of Adams and will be omitted here. The
category consists of spectra and morphisms between them is called the stable
homotopy category. Following Adams’ notation, we use [E, F], to define the
homotopy classes of morphisms of degree r from the spectrum F to F. Here,
a morphism of degree r means that it decreases the indexes of the components
of E by r. Or naively, it maps E, to F,,_, for every n € N.

Apart from the spectra associated with cohomology theories, there are many
ways to construct spectra. For example, let X be any pointed C'W-complex,
then we can construct a spectrum %X from it by defining the n-th component
to be (X*X), = X"X. And the structure maps are taken to be the identity
maps X(X"X) = XL X, This spectrum is called the suspension spectrum of X.
For every n € N, we use X*~ "X to denote the original spectrum X% X shifted
by n, i.e., we have (X°™"X), = ¥¥ "X for k > n and (X¥7"X), = Q" FX
for k < n. And the structure maps are natural. If we take our X to be S, i.e.,
the disjoint union of two points with any point being the basepoint, then the n-
th component of its suspension spectrum is the n-dimensional sphere S™. This
spectrum is called the sphere spectrum and is denoted by S. Recall that ho-
motopy groups of a topological space are defined by considering the maps from
spheres to it. Similarly, to define homotopy groups for a spectrum, we can
consider the morphisms from the sphere spectrum to it.

Definition 1.2.7. Let E be a spectrum, then its n-th homotopy group is define
by m (E) =[S, Ely.-

The following proposition gives a concrete description of these homotopy
groups. The proof is straightforward once one knows the definition of morphisms
between spectra.

Proposition 1.2.8. Let X be a pointed CW -complex and E be a spectrum,
then we have
[E°X, E], = im[S"* X, E],



where the colimit is taken with respect to the following maps
[EnJrkX, Ek] N [EnJrkJrlX’ EEk] _ [En+k+1X, Ek+1]~

Here, the first map is induced by taking suspension, and the second is induced
by the structure maps of E. In particular, we can take X to be S°, then its
suspension spectrum is X°X =S and we get

7"'n(E’) = [Sa E]n = h_I)n[SnJrkaEk] = h_H}ﬂ-n-‘rk(Ek)-

However, unlike the case of topological spaces where the homotopy groups
are only defined for n € N, the homotopy groups of a spectrum can be defined
for any n € Z. Moreover, 7, (E) are often non trivial even for n < 0. In fact, the
spectrum E satisfying m,(E) = 0 for any n < 0 is called a connective spectrum.

Apart from taking iterated suspension of a pointed CW-complex, another
way to construct spectra is highly related to the special structures imposed on
vector bundles, and the resulting spectra are called Thom spectra. In our case,
we are interested in stable complex structures on vector bundles and we recall
the construction of the corresponding Thom spectrum MU.

For every n € N, we have the universal complex vector bundle of rank n,
denoted by EU(n) — BU(n). We denote by MU (n) the Thom space T(EU (n))
of this vector bundle which is defined by collapsing the boundary of the associ-
ated disc bundle to a point. Now we take the direct sum of the bundle EU(n)
with a trivial complex line bundle over BU(n), and get EU (n) ®C over BU(n).
It has rank n + 1 and hence is classified by some map BU(n) — BU(n + 1) as
follows

EUn)®C —— EU(n+1)

| |

BU(n) —— BU(n + 1).

It induces a map between Thom spaces T'(EU (n)®C) — MU(n + 1). Since we
have T(EU (n)®C) =~ X2MU (n), we get a map %2MU(n) — MU(n+1). Using
these as structure maps, we can define a spectrum MU by defining its 2n-th
component MUy, to be MU(n) and its (2n + 1)-th component MUy, 1 to
be MU (n).

It is not surprising that spectra resemble CTW-complexes in many ways, and
often have better homotopic behavior. Many results that are only valid in the
stable range in the context of C'W-complexes will be always true in the context
of spectra. This is due to the reason that we only care about the phenomenon
at “infinity” in spectra. First, we recall that Whitehead theorem tells us that
a weak homotopy equivalence between C'W-complexes is always a homotopy
equivalence. And this still holds for spectra.

Proposition 1.2.9. Let f : E — F be a map between spectra such that the
induced map fy : mp(E) — mp(F) is an isomorphism for any n. Then f is an
isomorphism in the stable homotopy category.



The following proposition implies that we do somehow obtain stability by
passing from CW-complexes to spectra.

Proposition 1.2.10. Let E and F be two spectra, then we have
[E,Fly =~ [XE,XF],,

where the isomorphism is induced by taking suspension. In particular, we can
take E to be S, and get my(E) = me 1 (XZE).

Both propositions above are proved in Chaoter 3, Part IIT of Adams’ book
[2]. For those who are interested in other properties of spectra, the same chapter
of Adams’ book can be used as a great reference.

Remark 1.2.11. Using the morphism XE — Y E v X E which collides E € X F,
we can equip the set [SE,XF)| with a group structure. This group structure can
be pulled back to [E, F] via the isomorphism [E,F]| = [SE,XF]. Moreover,
using the isomorphism [E,F| =~ [SE,XF] =~ [S2E,X?F], this group structure
can be proved to be abelian. And one may verify that composition is bilinear.
Therefore, the homotopy category is an additive category once we can show the
existence of finite coproducts. In fact, we can do better by showing that there
exists arbitrary coproducts and products. And they are defined by taking term-
wise wedges and products respectively. A full discussion of this result can be
found also in Chapter 3, Part III of Adams’ book [2].

Next, we will construct generalized (co)homology theories from the spec-
trum MU. In fact, this construction can be done to any spectrum.

Definition 1.2.12. Let E, be a spectrum, then we define its associated reduced
(co)homology theories as follows

En(X) = mp(E A X),
E™"(X) = [2°X, E]_,,

where X s any pointed CW -complex. The suspension isomorphisms are given
by

En(X) =Tn(EAX) = st (S(E A X)) = Tnit(E A SX) = Eppr (3X),

and
EMUEX) = [5°H X, E]_n_1 = [5%X, E]_, = E"(X).

Here the spectrum E A X is obtained by taking the smash product of E
with X term by term, and the structure maps are induced by those of E.

Remark 1.2.13. In fact, one may generalize the definition of E A X and define
the smash product E A F of any two spectra E and F. However, one should
be aware that this definition is valid only in the stable homotopy category. One
can consult either Adams’ book [2] or Kochman’s book [6] for two concrete con-
structions of E A F. Moreover, there are also many other ways to construct it
concretely, and they all turn out to be the same element in the stable homotopy
category.
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Remark 1.2.14. Recall that any cohomology theory leads to an Q-spectrum.
However, in the opposite direction, the construction of a cohomology theory from
a spectrum that we give above does not require the spectrum to be an C2-spectrum.
This is not surprising since one can prove that any spectrum is homotopy equiv-
alent to an Q-spectrum, and two homotopy equivalent spectra give rise to the
same cohomology theory.

In particular, we can take F to be the Thom spectrum MU that we have
constructed before. Its associated homology and cohomology theories will be
denoted by MU, and MU¥* respectively.

1.3 Formal group laws

Similar to the ordinary cohomology, we can prove that the ring MU*(BU) is
a formal power series ring with coefficient 7, (MU) and one variable in each even
degree. Here, BU := lim BU(n) is defined to be the colimit of the classifying
spaces. If we use cfy to denote the variable in the 2k-th degree for k € Z~y,
then we have

MU*(BU) = me(MU)[[cf1,cf2s ooy €y -]

The classes cfy, k € Zp~q, are called the Conner—Floyd classes, and are the
counterparts of the Chern classes in the ordinary cohomology. So in particular,
we can define the Euler class of a complex line bundle L in cohomology MU* to
be its first Conner—Floyd class, and we still denote it by e(L). For every n € N,
we have

MU*(BU(n)) = ma(MU)[[i7,(cfr), -, iq(cfa)]l,

where i, : BU(n) — BU is the inclusion. Particularly, in the case when n = 1,
we have BU(1) = CP* and

2

MU*(CP®) = my (MU)[[2]],

where z = ¢(O(—1)) € MU?(CP®) is the Euler class of the tautological bundle
over CIP®. We can also compute

MU*(CP* x CP®) = 1y (MU)|[[x1, x2]],

where x; = P*(z) and P; : CP* x CP® — CP®, i = 1,2, are the two projection
maps.

In the following, we will construct an extra algebraic structure on 7, (MU),
called a formal group law. To do this, we consider the Euler class of the complex
line bundle defined by PfO(—1) ® PfO(—1) over CP® x CP®. Then it is a
formal power series F'(x1,z2) in 1 and xo with coefficients in 7, (MU) by our
computation of MU*(CP* x CP®). Since O(—1) is the universal line bundle
and any other line bundle can be pulled back from it, one shows easily that we
have

e(L1 ® L2) = F(e(L1),e(L2)) (1)
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for any two line bundles L; and Lo with the same base manifold.
Since the tensor products of line bundles are associative and commutative,
we have
F(F(z,y),z) = F(z,F(y,2)) and F(z,y) = F(y,x).

By taking one of the line bundles to be the trivial line bundle in the equation I}
we get
F(z,0) = F(0,z) = x.

This leads to the definition of a formal group law as follows.

Definition 1.3.1. Let R be a commutative Ting. Then a formal group law
over R is a formal power series F € R[[x,y]] satisfying the following require-
ments

o [(z,0)=F(0,z)=z,
o F(F(zy).z)=F(z.F(y.z)).

Moreover, if F satisfies F(x,y) = F(y,x), then we say that F is a commutative
formal group law over R.

Therefore, we have defined a commutative formal group law F' over the
coefficient ring 7, (MU). We denote by C the subring of 7, (MU) generated by
the coefficients of F.

In 1955, Lazard proved in his article [8] that there exists a universal com-
mutative formal group law Fi,;, over a universal ring IL, called Lazard’s ring.
That is to say, they satisfy the following universal property: for any commuta-
tive ring R, there is a bijection between commutative formal group laws over R
and ring homomorphisms from I to R. And the bijection is given by mapping
the ring homomorphism f : . - R to the formal group law f o Fy,;, over R.
Another way of expressing this fact is as follows. Let F'GL be the functor that
sends any commutative ring to the set of formal group laws over it. Then it is
corepresented by L.

Remark 1.3.2. In general, we can replace MU* by any complex-oriented coho-
mology theory E*. By definition, the complex orientation of E* defines the first
Conner—Floyd class ¢ € E?(BU(1)). The existence of such a class guarantees
that the Atiyah—Hirzebruch spectral sequence of BU(1) collapses, and we have

E*(BU(1)) = me(E)[[er]].

Furthermore, this leads to the definition of all higher Conner—Folyd classes. In
particular, this means that we also have a formal group law over w4 (E) for any
complex-oriented cohomology theory E*.

As is shown by Ravenel in Lemma 4.1.13 of his book [12], MU* is the
universal complex-oriented cohomology theory. Therefore, we may expect the
formal group law F over w,(MU) to be the universal formal group law, and the
ring 7 (MU) to be the Lazard ring. This is indeed true, and is named as the
Milnor-Quillen Theorem. We will give a proof of it in Section[].3
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2 Geometric interpretations and basic proper-
ties

In 1953, Thom showed in his paper [13] that both oriented and unoriented
cobordism rings can be computed as the homotopy groups of the correspond-
ing Thom spectra. Moreover, Thom’s proof can be generalized naturally to
any (B, f)-structure, which endows vector bundles with an extra structure, and
its associated Thom spectrum. This construction is now called the Thom-
Pontryagin construction. In this article, we are particularly interested in the
case where the (B, f)-structure is taken to be the stable complex structure on
vector bundles, and its associated Thom spectrum turns out to be MU that
we have defined before in Section [1.2] Therefore, by using Thom—Pontryagin
construction, we are able to give a geometric interpretation to the homology
group MU, (X) for any topological space X. This will be explained in detail in
the first subsection.

Since we can also define a cohomology theory MU* from the spectrum MU,
a natural question arises: does MU™*(X) have a geometric interpretation in
a similar way? We will answer this question in the second subsection. To
this end, we will need to restrict our X to be a closed smooth submanifold
of some Euclidean space, possibly with a boundary. But this does not lose
much generality, since any finite CW-complex has the homotopy type of such
a manifold. We restrict all manifolds that appear in this article to be of this
kind unless otherwise stated. Before diving into MU*(X), let’s carry out the
Thom—Pontryagin construction and recall the geometric meaning of MU, (X).

2.1 Geometric interpretation of MU, (X)

Definition 2.1.1. A weakly complex manifold is a manifold M with a complex
structure on the vector bundle TM @R"™ for some n € N. Here, R™ is understood
as the trivial real vector bundle of rank n over M.

Of course, we need to do some identifications. We identify the complex
structure on TM @ R™ with the naturally induced complex structure on the
bundle TM @ R"*2 ~ TM @ R" @ R?, where R? carries the canonical complex
structure via the natural isomorphism R? =~ C.

Let M and M’ be two closed and weakly complex manifolds of the same
dimension n. And let X be a topological space. We say that two continuous
maps f : M — X and f' : M’ — X are bordant if and only if there exists a
weakly complex manifold W of dimension n + 1 with boundary éW = M 1 M’
and a continuous map g : W — X such that the restrictions of g to M and M’
are f and f’, and that the induced weakly complex structures on M and M’
from W coincide with the original ones. This defines an equivalence relation.

Definition 2.1.2. Let X be a topological space and n be any non-negative inte-
ger, then we define the complex bordism group QU (X) to be the bordism classes
of maps M — X where M is a closed weakly complex manifold of dimension n.
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The group structure of QY (X) is defined as follows. For any two continuous
maps f: M — X and f' : M’ — X in QU (X), we define their sum to be the
bordism class of f u f/ : M u M’ — X where M 1 M’ is equipped with the
induced weakly complex structure. Moreover, when X = pt, we can also equip
the group QY := QY (pt) with a product structure, making it into a ring. In this
case, QY is just the bordism classes of closed weakly complex manifolds since
there is always a unique map from such a manifold to a point. The product of
two elements represented by M and M’ is given by the bordism class of their
product space M x M’ with the induced weakly complex structure. And the unit
element is the bordism class of a point with a trivial weakly complex structure
on it.

Now we recall the Thom—Pontryagin construction which identifies MU, (X)
with the bordism group QY (X). We start by defining a map

§: QV(X) > MU(X).

Let M be a closed weakly complex manifold of dimension n equipped with a
continuous map f : M — X. Then TM @ R" admits a complex structure for
some r € N. We can embed it into a trivial complex vector bundle M x CV for
some N. Since M is closed and of finite dimension, we can take N big enough
and assume that M can be embedded it into A ~ R2N @ R". We denote the
normal bundle of M in A to be v. Then we have

v RN QR")/TM = (R*N ®R"®R")/(TM ®R") = C"® (CN /(TM ®R")),

where we identify R"@®R" with C" canonically and identify R?Y with the trivial
bundle CV that containes TM @ R". Since TM ®R" is a complex subbundle
of CV, there is an induced complex structure on CV/(TM @ R"), and hence
on v. Denote by k = N+ (r—n)/2, then v is a complex vector bundle of rank k.
Since TM @R" admits a complex structure, 7 and n must have the same parity,
and hence k is an integer. Now, the complex vector bundle v is classified by a
map v : M — BU(k) where EU (k) — BU(k) is the universal complex vector
bundle of rank k. And we get the following diagram

v~ BU(k)

I

M —— BU(k).

Choose an open tubular neighborhood N of M in A. And denote by A* the
one-point compactification of A. Since M is closed, the closure of N is compact
in A, and we have a natural map

A* > AJ(A— N) =~ NJoN = T(v),

where T'(v) is the Thom space of v. Now, we use D(v) and S(v) to denote
the disc bundle and sphere bundle associated with ». Then we can construct a
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map D(v) — X x D(EU(k)), whose first component is the composition of the
projection D(v) — M with f : M — X and the second component is induced
from +'. Similarly, we have a map S(v) — X x S(EU(k)). Combining these
two maps, we get a map

D(v) X x D(EU(K))
S(v) X x S(EU(k))

D(EU(k)) _ X4 A MU(k).

Tw) = S(EU(k))

~ X, A
Composing this map with A* — T'(v) that we have constructed before, we get
amap A* — X, A MU (k). Since A* =~ S?N*7 this map represents an element
in monir (X4 A MU(K)) = manir (X4 A MUsy). By passing to the colimit, we
get an element in 7, (X A MU) = MU, (X) since 2N + r — 2k = n. Therefore,
we have defined a map § : QY (X) — MU, (X).

Next, we prove that this map is well-defined. Suppose that M and M’ are
two closed weakly complex manifolds of dimension n that are bordant. Suppose
that the bordism is given by g : W — X, where W is a weakly complex manifold
of dimension n + 1. Since W is equal to the disjoint union of M and M’, there
exists an embedding e : W <> A x R where A = C"** is some Euclidean space
such that e is transversal to A x {i}, i = 0,1, and the pullbacks of them along
the embedding e coincide with M and M’ respectively. We denote the normal
bundle of W in AxR to be w, and the normal bundles of M, M’ in Ax{0}, Ax{1}
to be v, /. Since the weakly complex structure of w restricted to the boundary
coincides with v and 1/, the classifying maps fit into the following diagram

Me—t W " M
BU (k).

Recalling the Thom—Pontryagin construction for v,2’ and w, we see that the
diagram above leads to the following diagram

A% x {0} —— T(v)

] | ™

A* xR T(w) X+ A MU(k),

J [

A* x {1} —— T(V)

which gives a homotopy between the maps associated with M and M’. There-
fore, they give rise to the same element in MUs,(X) and the map § is well-
defined.

The next step is to construct the inverse map of §.

Let o be an element in MUs,(X). Since we have

MUQn(X) = 7T2n(X+ N MU) = h_H)l?Tgn+2k(X+ AN MU(]C)),
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the element « can be represented by some map g : S?"*2%F — X, A MU(k) for
some k. Recall that MU (k) is the Thom space of EU(k), we have a natural
embedding of the zero section into it, namely j : BU(k) — MU (k). And it in-
duces an embedding j' : X x BU(k) — X4 A MU(k). By Thom’s transversality
theorem, we may assume that j’ is transversal to g. Then we take the pullback
of 5/ along g and get the following diagram

M —2 s X x BU(K)

| I

S —— X, A MU(K).

We denote by f : M — X the composition of ¢’ with the projection onto X.
Now, to get an element in QY (X), we only need to recover the weakly com-
plex structure on M. Since the basepoint of X A MU(k) is not contained in
the image of j/, the basepoint of S>**2* is not contained in the image of i’.
Therefore, it factors through i : M < R?"*2k Now, we only need to give a
complex structure on the normal bundle v; = v;. Since we have assumed that j’
is transversal to g, the normal bundle v; is isomorphic to the pullback of the
normal bundle v, along ¢’. Since j’ is induced by the inclusion of the zero
section into the Thom space EU (k), we have v; = X x EU(k). Therefore, the
left square of the following diagram is a pullback square.

! | |

M —— X x BU(k) — BU(k)

The two horizontal maps in the right square are projections onto the second
components. Since the right square of this diagram is also a pullback square,
the outer square is still a pullback square, making v; into a complex vector
bundle.

Therefore, we have defined a map MU, (X) — QY (X). One can check that
this map is well-defined and is indeed the inverse of 4.

2.2 Geometric interpretation of MU*(X)

After recalling the Thom—Pontryagin construction above, we are ready to
give a similar explanation to MU*(X) by using the so-called “complex orien-
tation” instead of a weakly complex structure. Now, we have to restrict our X
to be a manifold throughout this subsection. For a map f : Z — X between
manifolds, we define the dimension of f at z € Z to be the dimension of Z at z
minus the dimension of X at f(z).

Definition 2.2.1. Let f : Z — X be a map between manifolds such that the
dimension of f is everywhere even. Then a complex orientation of f is a fac-
torization f = poi: Z — E — X, where i : Z — FE is an embedding with a

16



complex structure on its normal bundle v;, and p : E — X is a complex vector
bundle over X.

Of course, we also need to do some identifications here. Two complex orien-
tations, denoted by E and E’, are equivalent if and only if they can be embedded
in a common complex vector bundle E” over X such that ¢ and i’ are isotopic
in the common vector bundle E”. That is to say, we have the following diagram

Z x {0} —— E x {0}

/ [ g

ZxIl " B« — 5 X,

[ (=

Zx{l}tT>E’x{1}

We also require v;» to carry a complex structure such that its restrictions to the
ends can be identified with the complex structures on v; and v;.

In the case when the dimension of f is everywhere odd, we simply replace E
by E x R. That is to say, we still require F to be a complex vector bundle
over X, while the normal bundle of the inclusion Z < E x R should admit
a complex structure. For a general map f : Z — X, we divide it into the
even-dimensional part f’ : Z/ — X and the odd-dimensional part f” : Z” — X
where Z = Z' L Z". Then we define a complex orientation of f to be one on f’
and one on f”.

Remark 2.2.2. If we define the “virtual” normal bundle of a map f: Z — X
to be vy == f*TX —TZ in KO(Z). Then a complex orientation of f can
be viewed as a stable complex structure on v¢. This is because if we have a
factorization f = poi: Z — E — X as before, then we have vy = v; — f*E.
Since v; and f*E are both complex vector bundles over Z, vy is a well-defined
element in K(Z) for any complex-oriented map f.

Remark 2.2.3. By embedding into a bigger complex vector bundle, we may
assume that our complex vector bundle E over X in the definition above is
trivial. By doing so, one can easily define the pullback of a complex orientation
and the composition of complex orientations.

As before, we can define when two proper complex-oriented maps are cobor-
dant. Let f; : Z; — X, ¢ = 0,1 be two proper complex-oriented maps. They are
cobordant if there exists a proper complex-oriented map b : W — X x R such
that it is transversal to ¢; : X — X x R, ¢;(x) = (z,4) for i« = 0,1. And the
pullback of b along ¢; coincides with f; and gives the same complex orientation.
This defines an equivalence relation between proper complex-oriented maps.

Definition 2.2.4. Let X be a manifold, then we define the complex cobordism
ring Qf (X) to be the set of cobordism classes of proper complex-oriented maps
to X of dimension —q.
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The ring structure of Qf (X) is given as follows. Let f; : Z;, - X, i = 1,2,
be two proper complex-oriented maps that represent two elements of Q2 (X).
Then the sum of them is defined by the cobordism class of f1 L fo : Z1 17y — X
with the induced complex orientation. The product is more complicated and
will be postponed until we define the pullback maps of €.

Similar to the case of the homology MU, we will prove MU*(X) = Qf(X)
for any manifold X, which gives a geometric interpretation to MU*(X). As
in the proof of MU,(X) =~ QU(X), we first construct a map § from Q7 (X)
to MU*(X) as follows. Let f : Z — X be a complex-oriented map, and
suppose that its complex orientation is given by the factorization f = p o
where the map i : Z — F is an embedding with a complex structure on v;, and
p: E — X is a trivial complex vector bundle of rank r. Then, as in the Thom—
Pontryagin construction, we have the collapse map E* — T'(v;), where E* is the
one-point compactification of E. Since FE is a trivial complex vector bundle of
rank r over X, we have E* =~ X, AS?". Meanwhile, since v; is a complex vector
bundle of rank s := dim(E) —dim(Z), it is classified by a map Z — BU(s). And
from the bundle map v; — EU(s), we get a map T'(v;) — T(EU(s)) = MU(s).
By composing this map with the collapse map, we get a map

X, AS* = E* - T(1;) —» MU(s),

which represents an element in [X; A S?", MU(s)]. By passing to the colimit
again, we can take its image in [X%® X, MU]Js,—2s and get an element in the

—~— 25—2r

cohomology ring MU (Xy) =~ MU?*~2"(X). Moreover, one can check that
we have 2s—2r = —dim(f) = q. Therefore, we have defined a map ¢ from Q7 (X)
to MU*(X). The well-definedness of § can be verified similarly to the case of
the map QY (X) — MU,(X) and will be omitted here.

The next step is to construct the inverse map of §. Since we have

MU*(X) = lim[S* X, MU] s = lim[S* X, MUy 4],
every element of MU®(X) can be represented by some map
g: X, AS* — MU(s)

for some r,s € N. Since MU(s) is the Thom space of the universal complex
vector bundle EU(s) — BU(s) of rank s, we have the inclusion of the zero
section j : BU(s) — MU(s). By Thom’s transversality theorem, we may
assume that j is transversal to g. Then we can pull back j along g and get a
map i’ : Z < X, AS?". We define E to be the trivial complex bundle over X of
rank . Then we may identify X, AS?” with E*, the one-point compactification
of E. Since BU(s) does not contain the basepoint of MU (s), Z does not contain
the basepoint of E*. Therefore, the embedding i’ factors through F and we use i
to denote i : Z — E. The composition of this map with the projection £ — X
defines a map f : Z — X. For clarity, all the maps above are concluded in the

18



following diagram

N

Z—— 5 BU(s)

I )

E—— E* = X, AS* —— MU(s).

The next step is to recover the complex orientation of f. Since F is already a
(trivial) complex vector bundle over X, we only need to give a complex structure
on v; = vy. Since j is transversal to g, the normal bundle v; is isomorphic to
the pullback of the normal bundle v;. Recall that j : BU(s) — MU(s) is
the inclusion of the zero section into the Thom space, the normal bundle v;
is nothing other than the universal complex vector bundle EU(s) — BU(s).
Therefore, v; = vy, being its pullback along Z — BU(s), is equipped with a
complex structure. Thus, we have defined a map MU®V(X) — QY (X). The
case when the dimension is odd can be constructed similarly. And the proof
that it is inverse to 9 is straightforward.

Remark 2.2.5. Since a complex orientation of a map f : M — = is the same
as a weakly complez structure on M, we have QY =~ Q" which is a graded ring
isomorphism. This coincides with the fact that

MU, (pt) = 1 (MU) =~ MU~ *(pt)

which is valid for any generalized (co)homology theories constructed from spec-
tra.

The pullbacks and Gysin homomorphisms in MU*(X) can also be inter-
preted in the complex cobordism setting. Let g : ¥ — X be a map between
manifolds and let [f] be an element in QF(X) that is represented by a proper
complex-oriented map f : Z — X. Then by Thom’s transversality theorem, we
may assume that g is transversal to f. Now we pull back f along g and get a
map f’. Then the complex orientation of f can also be pulled back and induces
a complex orientation on f’. Moreover, since f is proper, f’ is also proper. And
it turns out that the cobordism class of f’ is the pullback of [f] in Q}5(Y’). Now,
we are ready to define the product of two elements in Qf (X). Suppose that they
are represented by two proper complex-oriented maps f; : Z; — X, i = 1,2.
First, we take the product of them and get the map f; x fo: 73 x Zs > X x X
with the induced complex orientation. By taking the cobordism class of it, we
get an element [f1 x fo] in Q5 (X x X). To get an element in Qf (X), we simply
pull back this element along the diagonal embedding A : X — X x X. And we
define the product [ f1][f2] to be the resulting element in (X ). One can check
without difficulty that the unit is given by the cobordism class of the identity
map [idx] € QY (X).

As for the Gysin homomorphisms, let g : Y — X be a proper complex-
oriented map of dimension d. Then it induces a map g, : Q5(Y) — Q% %(X)
given by sending [f : Z — Y] e Q(Y) to [gof:Z —» Y — X]| e Qf4(X),
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where the complex orientation of g o f is the composition of the complex orien-
tations of g and f.

By geometric interpretations, the following useful lemmas can be proved
directly.

Lemma 2.2.6. Let
Y xxZ —25Y

A
L —F5 X
be a Cartesian square, then we have
9 fe = frg"* : MU*(Y) - MU*(2),
where d = dim(f) = dim(f”).

Lemma 2.2.7. Let f : X > Y and g:Y — Z be two complex-oriented maps.
Then we have

(g0 f)a = gu o fa: MU*(X) —» MU*~tm(D=dimo)(7),

where the map g o f is endowed with the composite complex orientation.

3 Cohomological operations

In this section, we will define two cohomological operations that will appear
in the proof of Quillen’s Theorem and are of interest of their own. The first one
is the Steenrod k-th power operation. We will define it using permutation group
actions. The second one is the Landweber—Novikov operation. It is introduced
as a direct consequence of a characteristic class in MU* that mimics the Chern
polynomial in the ordinary cohomology theory.

3.1 The Landweber—Novikov operation

As is explained in Section [I.3] for any complex line bundle L — X, we can
define its Euler class e(L) € MU?(X) in the complex cobordism ring of X. And
the definition is also given by e(L) := i*i,1 € MU?(X), where i : X < L is the
inclusion of the zero section and 1 € MU(X) is the unit element. Now, we can
mimic the definition of the Chern polynomial in the ordinary cohomology and
give the following definition.

Definition 3.1.1. For any complex vector bundle E — X, we have an associ-
ated characteristic class c;(E) € MU*(X)[[t]], which is a formal power series
in a sequence of variables t = (t1,1a,...) and satisfies the following properties:

e ¢ is natural, i.e., we have ¢;(f*E) = f*¢,(E),
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e ¢ is additive, i.e., we have c;(F1 @ F3) = ¢;(E1) - ¢t (Es),
e its value on any line bundle L is given by ci(L) =1+ Y-, e(L)" - t;.

As is proved in Section 3.3 of Tamaki and Kono’s book [7], the splitting
principle still holds in the cohomology theory MU*, and therefore one can
verify that the characteristic class ¢; exists and is unique.

Now, we are ready to define the Landweber—Novikov operation. Recall that
we use vy = f*TX —TZ € K(Z) to denote the “virtual” normal bundle for any
complex-oriented map f : Z — X in Remark[2.:2.2] Clearly, the definition of the
characteristic class ¢; can be naturally extended to the K-group and therefore
defines a map

¢t K(X) —» MU*(X)[[t]]-

In particular, ¢;(vy) is meaningful even when f is not necessarily an embedding.

Definition 3.1.2. The Landweber—Nowvikov operation
st MU*(X) — MU*(X)[[¢]]

1s defined by
si(fel) = f*(Ct(Vf))7

where [ : Z — X is any proper complez-oriented map.

We can write ¢;(FE) as
c(B) = ) ca(E) -t
(03
where a == (a1, ag,...) and t* :== {52 - - - for a; € N. Similarly, we can expand
the operation s; as
si(z) = ). (@) - 1%
«

Then each coefficient s, is a map s, : MU*(X) - MU*(X), and is given
by sa(fsl) = fi(ca(vy)) from the definition above.

Moreover, the Landweber—Novikov operator s; : MU*(X) — MU*(X)[[¢]]
satisfies the following Riemann—Roch type formula.

Proposition 3.1.3. Let f : Z — X be a proper complex-oriented map. Then
we have

st(fxz) = fule(vy) - sez) € MU*(X)][¢]
for any ze MU*(Z).
Proof. Using the geometric interpretation, we may suppose that z is repre-
sented by a proper complex-oriented map g : W — Z. Then we have z = g,1
where 1 € MU(W) is the unit and gy : MU*(W) — MU*~4™)(Z) is the
Gysin homomorphism. Then we have

st(fez) = st(fagx1) = se((f 0 g)x1) = (f 0 g)xci(Vyog)
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by the definition of s;. Since the normal bundle vf,4 can be computed as
Viog = (fog)*(TX)—TW = g*(f*TX —TZ)+ (¢*TZ —TW) = g*vy + vy,
we have

(f09)x(WVtog) = fregscei(g™vy + vg)
= fags(g%ct(vy) - ci(vy))
= fuler(vy) - guee(vyg))
= Julce(vy) - se2).

Here, the last equation comes from

512 = 5¢(gx1) = g*ct(Vg)

by the definition of s;. O

3.2 The Steenrod operation

Now we define the Steenrod k-th power operation. To do this, we first fix
a principal Z/k-bundle @ — B, and let h* be a Z/k-equivariant cohomology
theory defined by h*(X) := MU*(X xz, Q) for any Z/k-manifold X.

For any manifold X, although X itself is not necessarily a Z/k-manifold,
there is always a natural action of Z/k on X* by permuting the coordinates.
We may define the exterior Steenrod operation Py : MU 29(X) — h™29k(X)
by

cht(f*]-) = f!:(l),

where f : Z — X is any proper complex-oriented map and f* : Z¥ — X% is the
induced map. Here, fF is the Gysin homomorphism in 2*, which is induced from
the Gysin homomophisms in MU*. First, we show that Pe is well-defined.

Suppose that fo: Zyg — X and f; : Z; — X are two complex-oriented maps
that represent the same element in MU ~24(X). Then there exists a complex-
oriented map b : W — X xR such that it is transversal to €; : X — X xR defined
by €;(z) = (x,7) for i = 0,1. And the pullback of b along ¢; coincides with f; and
gives the same complex orientation. Therefore, we have the following diagram
which consists of two Cartesian squares

do 1

Zy w

SO A

XT>X><R<TX.

Since the corresponding diagram with every manifold replaced by its k-th power
and every map replaced by the induced one still consists of two Cartesian
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squares, we have

where we use Lemma for each Cartesian square and the fact that €& is
homotopic to e’f. So Py is well-defined.

Next, we define the (interior) Steenrod operation by the pullback of Pexy (f«1)
along the diagonal embedding. Let A : X < X* be the diagonal embedding.
We make X into a Z/k-manifold by endowing it with the trivial action. Then A
becomes a Z/k-map since A(X) € X% is invariant under the permutation of
coordinates, and we may define

P(fil) == A*Pei (f41) € B2 (X).
Since Z/k acts on X trivially, we have
W*(X) = MU*(X xz, Q) = MU*(X x B).
Therefore, the k-th Steenrod operation P maps MU ~24(X) to MU 2% (X x B).

3.3 A Grothendieck—Riemann—Roch type formula

Definition 3.3.1. Let Y and Z be two submanifolds of X. Denote W =Y nZ.
Then we say that Y and Z intersect cleanly along W if TW =TY|w nTZ|w.
In this case, we define F = TX|w/(TY|w + TZ|w) to be the excess bundle.
In particular, it is a vector bundle over W and vanishes exactly when'Y and Z
intersect transversely.

Proposition 3.3.2. Let Y and Z be two submanifolds of X which intersect
cleanly along W. Denote the embeddings as in the diagram below

w (L Y
Recall that we have Thom isomorphisms
iy : MU*(Y) = MU*T(X, X —-Y),
it s MU*(W) = MU*T(Z,Z — W),

where a and b are the real ranks of the normal bundles v; and vy respectively.
They fit into the following equation

J¥is(y) = i (5 (y) - e(F)) e MU**(Z,Z — W)
for any y e MU*(Y).
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Proof. By Lemma this is a local property and hence we may focus only
on the tubular neighborhoods of W in Y and Z. Therefore, we may replace Y
and Z with the normal bundles F; and E5. Denote the normal bundle of W in X
by F’. Then, by the definition of the excess bundle, we have F' ~ F'/(E, ® E»).
The embeddings fit into the following diagram

’

X —' g

] 2

E2 ‘L} E1 @EQ

J

Then we have

J¥ix(y) = (v o B)* (v o @)« (y) = B* v ywax(y) = B*(ax(y) - e(pioF)),

where p15 is the projection from F1@Fs to X. This is because 7y is an embedding
of vector bundles over X, and therefore we have

vy = pia(F'/(EL ® E2)) = piyF.
Further on, we get
B*(ax(y) - e(PiaF)) = B*ax(y) - B piae(F) = iy.j™ (y) - p3e(F)

by Lemma [2.2.6] and because p12 o B = po is the projection from Fs to X.
Finally, we have

i3 (y) - p3e(F) = i (5 (y) - " pie(F)) = i (5™ (y) - e(F))
since py o ¢ is the identity map idx. O

Now we apply this proposition to manifolds equipped with group actions
and their fixed submanifolds.

Let G be a compact Lie group and X be a G-manifold. Let Z be a G-
submanifold of X. Denote by X¢ and Z¢ the fixed submanifolds of X and Z
respectively. And denote the embeddings by the following diagram

Since we have

TZ¢ =(TZ)%| 36 = TZ|z6 0 (TX)%| 3¢ = TZ| 26 n TX| 4,
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we know that Z and X© intersect cleanly along Z¢. Here, we use the result
that for any G-manifold Y, we have T(Y%) = (TY)%|yc. This result can be
deduced from Section 1.2 of Audin’s book [3]. Meanwhile, the excess bundle can
be computed as follows

F=TX/(TZ+TX%) = (TX/TZ)/(TZ +TX®/TZ)
=~ (TX/TZ)/(TXC/TZ nTX®)
~ (TX/TZ)/(TXC/TZ%)

= Ui/uic,

where every bundle is understood as a bundle restricted to Z¢. We denote by 1,
the excess buneld v;/v;e, and we can view it as the non-trivial part of the action
of G on v;. Fix a principal G-bundle Q — B, we define h*(X) := MU*(X xgQ)
for any G-manifold X. Then A* is a multiplicative G-equivariant cohomology
theory for G-spaces. After taking the product with @ over G, the proof of
Proposition still works and leads to the following corollary.

Corollary 3.3.3. Let G, X, Z as before. Then we have
rXin(2) = i (r5(2) - e(ui)) € h* (X9, X9 — Z9)
for any z € h*(Z), where e(u;) is the Euler class of p; in the cohomology h*.

It turns out that we can generalize this corollary to any proper complex-
oriented G-map f : Z — X, which is not necessarily an embedding, and get the
following Grothendieck—Riemann—Roch type formula.

Corollary 3.3.4. Let G be a compact Lie group and X and Z be two G-
manifolds. Let f : Z — X be a proper complez-oriented G-map. Suppose that
the complex orientation of f is given by the factorization f = poi: Z — E — X,
where E is a complex G-bundle over X and i is an embedding with an equivari-
ant complex structure on its normal bundle. Let rx and rz be the embeddings
of the fized submanifolds of X and Z, and let f¢ : Z¢ — X be the induced
map. Then we have

% fi(2) - elup) = £ (rE(2) - e(u)) € B*(X),

where pg s the non-trivial part of the G-action on rx E and p; is as defined
before.

Proof. Let T(E) be the Thom space of the vector bundle p : E — X. Then
we have a natural embedding j : X < T(E) of the zero section. Now, we can
apply Corollaryto embeddings i and j with z € h*(Z) and fy(z) € h*(X)
respectively and get

rhivz =i (152 e(pa)), (2)
riisfez = 55 (% fez - e(ny)), (3)
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where rp : T(E)Y < T(E) is the embedding of the fixed submanifold. More-
over, u; is defined as the non-trivial part of the G-action on r% (v;). Since v; is
just E, we have p; = . By the Thom isomorphisms

h*(T(E)) =~ h*(E,E — X),
W (T(E)Y) = h*(EY, EY — X©),

the equation can also be written as
rhifsz = 55 (% faz - e(pm)). (4)
By the Thom isomorphism, we have
Jufs = Jx(P01)x = Ja(Px 0 0x) = (Jx 0 Px)isx = ix.

Therefore, the left hand sides of equation and equation are the same,
and we get
i gz - e(mi)) = j§ (rk foz - e(up)-

Similarly, we also have ;¢ f¢ =i, and the equation becomes

J9 IS gz - e(ui) = 55 (% fuz - e(up))-

Therefore, we have
fE(ryz - e(u) = r% fuz - e(up)

since j§ is the Thom isomorphism of the vector bundle p : E — X. O

3.4 The relation between the Landweber—Novikov opera-
tions and the Steenrod operations

Consider the action of Z/k on C* by permuting the coordinates. We use p
to denote the induced Z/k-action on the subspace

Vo= {(21, 22, ooy 21)|21 + 22 + ... + 2, = 0} € CF.

And we use 1 to denote the action of Z/k on C by multiplication with the k-th
roots of unity.

Let f : @ — B be a principal Z/k-bundle. Then we have the associated
Steenrod k-th power operation P : MU~ 24(X) — MU29%(X x B). We have
also defined the Landweber—Novikov operation s; : MU*(X) — MU*(X)[[t]].
The proposition below gives the relation between these two operations.

Before stating the proposition, we need a few more definitions. Recall that
we have defined the formal group law F' over MU* in Section Now, we
define [k]r(v) by applying F' to v and itself &k times for any v € MU*(X). To
be more specific, we can define [k]p(v) inductively on k. We define [1]p(v) == v
and [k]r(v) = F([k — 1]r(v),v). In particular, we have e(L®*) = [k]r(e(L))
for any complex line bundle L. Finally, recall that C € 7, (MU) = MU*(pt) is
the subring generated by the coefficients of the formal group law F'.
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Proposition 3.4.1. Let f : Q — B be a principal Z/k-bundle. By abuse of
notation, we use n and p to denote the vector bundles over B associated with the
corresponding group actions and f. More concretely, we haven = Qxz,;,C — B
being a complex line bundle and p == Q Xz, V — B being a complex vector
bundle of rank k — 1, where the action of Zy on C and V is n and p. Denote
their Buler classes by v = e(n) € MU?(B) and w = e(p) € MU?>*~1V)(B). Then
we have the following relation for any x € MU 24(X)

w"tIP(z) = Z w”_l(a)a(v)o‘sa(ac) € MUQ”(k_l)_Qq(X x B),

l(a)<n

where n is any integer sufficiently large with respect to the dimension of X and q.
Here, for every positive integer j, a;(v) is some formal power series in v with
coefficients in C which will be made concrete in the proof. We use a(v)® to
denote [ [, a;i(v)® for o = (o, aa,...) with all o; € N. And for such an o, l(«)
is defined to be l(a) :== Y}, a;.

Proof. Assume that x = f,1 is represented by a map f = poi: Z —> E — X.
Then by definition, we have P(z) = A% fk1, where Ay : X — X" is the
diagonal embedding. Now, since Z/k acts transversely on the coordinates of X*,
the fixed submanifold is A(X) € X*. Therefore, we can apply Corollary
to the following diagram

Az

7~ ANZ) —> ZF

fJ A( f)J{ Lf’“

X == A(X) — XF

\/’

Ax

and we get
$FEQ) - elppe) = fo(AZ(1) - e(uin).
Since p g is the non-trivial part of the action of Z/k on A% (E*) = E®* and this

action is in fact the permutation of the direct summands, we have pgr = E®p.
Similarly, we have pu;» = v; ® p. So the equation becomes

P(z) - e(E®p) = fue(v: ® p).

Moreover, we can take F to be the trivial bundle me as long as m is big enough
with respect to the dimension of Z. Then in this case, we have v; = vy + me
and E® p = p®P™, and we get

w™ - P(x) = fye((vy +me) @ p). (5)

Now we compute e(E ® p) for any vector bundle E. First, we do the com-
putation when FE is a complex line bundle E = L. Since the representation p
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can be decomposed as p = (—BZ kel n', we have

k—1 k—1 k—1
(L®p) =e(L@(@n) =[]e@@n) =] FleL),[ilx (v))
i=1 i=1 i=1
k—1
= [ |([ilr(v) + O(e(L))) = w+  a;(v) - e(L),
i=1 j=1

where a;(v) is some formal power series in v with coefficients in C. Therefore,
if E' can be decomposed as the direct sum of line bundles F = @?:1 L;, we have

E®p=He Hw—i—ZaJ L;)7). (6)
i=1 i= j=1

Meanwhile, in this case, we recall the definition of the characteristic class ¢; and
get

YealE) % = ci(B) = [ [ er(Ls :]‘[ 1+ tj-e
@ =1 1= j=1

Since the right-hand side is the multiplication of n terms, the «a that appears
on the left-hand side must satisfy I(a) < n. Now we take ¢; = a;(v)/w in the
equation above, and get

S ) S - [0+ 2 4 eqry)

l(a)<n i=1 j=1

and hence

&
5
I
—-

Z w”_l(")a(v)a (w + Z a;(v) ce(L)?). (7)

l(a)<n i=1 j=1

By comparing equation @ with equation @, we have proved

E@p Z wh l(a a ( )

l(a)<n

for vector bundles F that can be split as a direct sum of line bundles. Then this
formula can be generalized to any vector bundle E by the splitting principle.
Now we get back to equation and use co(vy + me) = cq(vy), then we get

w™ - P(x) = Z w™ D g () fuca(vf)

l(e)<m—g

- Z wm T Y g () s, (2).

l(a)<m—q
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If we replace m — ¢ by n, then we get the following equation which is valid for
any n big enough with respect to dim(X) and g¢:

w'te . P(x Z W D g (v)¥s o ().
l(a)<n
O
Remark 3.4.2. From the relation p = @Z: we can express w as a formal
power series in v with leading term (k — 1)!-v"~'. In fact, we have
k=1 k-1
w=e(p)=|[e@)=]]3Gv+00?)= (k-1 " +00").

This result will be useful in the proof of Quillen’s Theorem.

4 Quillen’s Theorem

In this section, we will begin with the last ingredient that we need to prove
Quillen’s Theorem, which is a technical lemma that is stated and proved in
the first subsection. Then we present the proof of Quillen’s theorem in de-
tail in the second subsection. The proof begins with the relation between two
cohomological operations that we have just studied, and is carried out using
a decreasing induction and a localization argument. Finally, as a corollary of
Quillen’s Theorem, we give the proof of the Milnor—Quillen theorem in the last
subsection.

4.1 A technical lemma

The last thing we need to prove Quillen’s Theorem is a technical lemma,
which can be viewed as a refined version of the Gysin sequence associated with
the universal principal Z/k-bundle S* — S®*/(Z/k). Here, we view S* as the
unit sphere in C*, and the action of Z/k on S is induced from the action
of Z/k on C* via coordinate-wise multiplication with the k-th roots of unity.
Fix a weakly complex manifold X, we define a complex-oriented cohomology h*
by h*(Y) == MU*(X x Y). For any map f : Z — Y, its pullback in h* is
denoted by f' and is defined by

f=(idx x f)* :h*(Y) = MU*(X xY) - MU*(X x Z) = h*(Z).

If f is complex-oriented of dimension d, then the associated Gysin homomor-
phism is denoted by fi and is defined by

fi=(idx x f)s : h*(Z) = MU*(X x Z) > MU* 4(X xY) = h*~4(Y).

The principal Z/k-bundle S* — S®/(Z/k) has an associated S!-bundle in-
duced by the action of Z/k on S! by rotation. We denote it by

T :S® xz St — S®/(Z/k).
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The Gysin sequence of this bundle has the form

RIS (Z/R)) T B ST xgp S) T hUS®/(Z/R)) D> K (ST /(Z/R)),

where v € h?(S*/(Z/k)) is the Euler class of the associated line bundle of 7 in
the cohomology h*. Here, the associated line bundle is given by S* — S§* x,,C
where Z/k acts on C by multiplication with the k-th roots of unity.

Now, we consider the finite-dimensional picture. For each positive integer m,
we have a principal Z/k-bundle S?™~! — §?m~1/(Z/k) induced by the restric-
tion of the coordinate-wise action of Z/k on C™ to the unit sphere S*™~! < C™.
We have the associated line bundle S*™~! x5, C — §?™~! /(Z/k) and we denote
its Euler class by v, € h2(S*™~1/(Z/k)). Obviously, vy, is the finite version of v.
We want an analog of the Gysin sequence above in the case of finite dimensional
spheres, which will serve as the technical lemma in the proof of Quillen’s Theo-
rem. Recall that we have defined [k]r before stating Proposition now we

define (K], (0)
_ R
Blo) i=
to be a formal power series in v with coefficients in C' and the scalar term k. In
particular, for any v € h%(Y’), we have ¢(v) € h°(Y).

Lemma 4.1.1. Let z be an element of h%(S*™+1/(Z/k)) satisfying x - vy, 1 = 0.
Then we have jix =y - ¢(vy,) € h(S*™~Y/Z,) for some y € hi(pt), where jp,
is the natural embedding j,, : S*™~1/(Z/k) — S*™*1/(Z/k).

=k +O(v)

Proof. We consider two families of sphere bundles parametrized by m € Z~g.
The first are S'-bundles

Tm + S7 7 Xz ST — S*™7/(Z/K),
while the second are S~ 1-bundles
P+ SP7 xS o> SY/(Z/R).

Then the line bundle associated with 7, has Euler class equal to v,,. Now, from
the Gysin sequences of the sphere bundles p,,, we get the following diagram

m+1

hq+1(81/(z/k)) Zii hq+1(82m+1 XZ//{) Sl) m; hQ*2m(Sl/(Z/k)) L> .

i i I
ha+1(S/(Z/k)) - LS X SY) gy WTEASH(Z/R) -
(8)
Here, since the action of Z/k on S*™~! is induced from the coordinate-wise
action of Z/k on C™, the vector bundle associated with p,, is just the direct
sum of m line bundles associated with p; = m;. Therefore, its Euler class is v]"
and the two horizontal lines are Gysin sequences of p,,, and p,,+1. The inclusion

j;n : S2m71 XZ/k Sl - S2m+1 ><Z/k Sl
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is induced by the inclusion j,,. Obviously, the left and the right squares are
commutative. And the commutativity of the central square comes from the
following lemma.

Lemma 4.1.2. Let E and F' be two vector bundles over X of real ranks e and f
respectively. We use f : SE — X and g : S(E®F) — X to denote the associated
sphere bundles of E and E@® F. Then the following diagram commutes

hiI(S(E@ F)) —L— ha—e—I+1(X)

| Jar

WI(SE) ———— hi="1(X),

where e(F) € h'(X) is the Euler class of F.

Proof. Consider the following diagram

SE <1 S(E®F)

fi / J{P

X —— F,
where p is the natural projection onto F' and i is the embedding of the zero
section. One may verify easily that ¢ o g is homotopic to p and hence the
diagram is commutative up to homotopy. Moreover, one can check without

difficulty that the outer square is a Cartesian square and that Lemma still
holds in h*. So we get

fgj!a: =i'px = z'(z oghx = i!igggx =gz - e(F)
for any x € h9(S(E® F)). O

Now we go back to the proof of Lemma Consider the Gysin sequence
of 41, we have

ROFL(S2mHL 5y 1) T pa(S2mHL/(Z/k)) S pat2(S2mHL/(ZK)).

ince - V1 = re exists z su T = Tyl 2.
Since +1 = 0, there exists z € h?T1(§*™+1 x; ) S such that +1,
So we have

| | 1

ImT = ImTm+1,12 = Tm 1)m~,

where the last equation comes from Lemma and the following Cartesian
square

-/
_ Jr
SQm 1 XZ/k Sl Im 82m+1 XZ/k Sl

ﬂml ”"Ml

S2m-1/(Z/k) —Im s S /(7 k).
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Now, we go back to the commutative diagram in which z is an element
of hat1(S2m+1 %y, SY). Recall that vy € h*(S'/(Z/k)) = MU?*(X x S*/(Z/k))
is defined by v; = ¥'m1, where  : S!/(Z/k) < S! %z, C is the embedding of
the zero section. Recall that the Gysin homomorphism 4, in h*,

v hO(SY/(Z/k)) — h*(S' 7 C),
is equal to the Gysin homomorphism (idx x )y in MU*,
(idx x 7)x : MU(X x S'/(Z/k)) — MU*(X x (S' xz, C)).
And the pullback +' is equal to (idx x v)*. Therefore, we have
v =yl = (idx x 7)*(idx x 7)x1=1-7*%1e MU*(X x §'/(Z/k)),

where 1 € MU%(X) is the unit and y*v,1 € MU?(S'/(Z/k)). Using geometric
interpretations, we see that MU?(S'/(Z/k)) = 0 due to dimensional reasons,
and hence we have v; = 0. Therefore, we have

Pmtim? = Pm112 01 = 0,
and hence /2 = pl,2 for some 2’ € h9*1(S'/(Z/k)) from diagram (8. Denote
by i : pt = (Z/k)/(Z/k) — S'/(Z/k) the natural embedding and define 3y to
be i'z’ € hat1(pt). Then we know that 2/ — ¢/ - 1 € he+t1(S!/(Z/k)). By the
suspension isomorphism 77T (SY/(Z/k)) =~ hi(pt), there exists y € h?(pt) such
that 2/ —y’-1 = y-i)1. Therefore, we have 2z’ = y-1+y-4,1 for some y' € h4*(pt)
and y € h?(pt). And we have

T Jm? = T P2 = T D (¥ - 1+ 3 - 1)
= y, : ﬂ—m,!plm,l +y- ﬂ_m,!p!mi!l

Finally, we have 7rm7gp!ml = Tyl = 7rm7g7r,!nl = 0 by the Gysin sequence
of m,,. Now we compute

TmaPoitl € ¥ (S /(Z/k)) = MU*(X x S*™~1/(Z/k)).

Using the geometric interpretation of MU™* in Section 2, this element is repre-
sented by the product of the projection S?"~1 — §2"~1/(Z/k) and idx. There-
fore, it is ¢(vy,) by the following lemma.

Lemma 4.1.3. Let f: Q — B be a principal Z/k-bundle with B compact and
let g: L =Q %z, C— B be the associated line bundle. Then we have

fl = dle(L)) € MUY(B).

Proof. Denote by j : Q — L the natural embedding. From the line bundle g
over B, we can construct the tautological line bundle ¢*L over L. We denote
the zero section of L by ¢ : B < L and denote the tautological section of g* L
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by s : L < ¢g*L. Then to make L into a compact manifold, we take its one-point
compactification L* and extend ¢* L to a line bundle M over it. This extension
can be done since s gives a trivialization of ¢g*L out of i(B) which is a compact
subspace of L. Then we get the following diagram

Q<15 L=QxyC gL — M
al e |
B B . L L*.

Now we have
p(e(L)) = ¢(Z*Z*1) = Z*¢(Z* 1),

and hence

i*qﬁ(e(L)) = Z*Z*¢(Z*1) = ¢(Z*1) cigl = [k]F(Z*l)

Since the tautological section s and the zero section intersect transversally
along i(B), we have i,1 = e(M) using the geometric interpretation. There-
fore, we have

[K]r(ix1) = [K]p(e(M)) = e(M®").
To compute the last term, we construct a section ¢ of the line bundle M®* and
find its vanishing locus. By definition, we have L = {j(q) - z|q € Q, z € C} where
we identifies j((q) - z with j(q) - z for any ¢ € Z/k. Then we define ¢ to be

t(j(q) - 2) = (j(q) - 2,4 (@) ®* - 2% — j()®").

One can check that t can be extended to a section of M. Moreover, it is
transversal to the zero section along j(Q), and hence we have j,1 = e(M®F)
as before. Meanwhile, since j is homotopic to i o f, we have j,1 = iy fy1.
Combining all the equations above, we get

inful = Gul = e(M®F) = [K]p(ix1) = ixp(e(L))-
Since iy is an isomorphism, we have proved that f,1 = ¢(e(L)). O

Now we get back to the proof of Lemma By the lemma above, we
have

jv!nx = Tr'"%!j'g’bz =y - 0+y-¢(vm) =y d(vm)
for some y € h?(pt) and finish the proof. O

4.2 Proof of Quillen’s Theorem

Equipped with the technical lemma above and Proposition [3.4.1| which re-
lates the Steenrod operations and the Landweber—Novikov operations, we are
ready to prove Quillen’s Theorem now.

Recall that C is the subring of MU* generated by the coefficients of the
universal formal group law F', we can state Quillen’s Theorem as follows.
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Theorem 4.2.1 (Quillen’s Theorem). Let X be a manifold of the homotopy
type of a finite complex, then we have

MU*(X) =C- > MUY(X),
q=0
MU' (x)=C- Y MU(X).

q>0

Using the geometric interpretations, we have MUY (pt) = 0 for any ¢ > 0
and MU®(pt) =~ Z for dimensional reasons. Thus, we get the following corollary
immediately.

Corollary 4.2.2. We have MU (pt) = C, and MU°(pt) = 0.

That is to say, we can take the coefficients of the formal group law F' as a
set of generators for the coefficient ring MU*.

Before giving the proof of Quillen’s Theorem, we also need the following
fact from homotopy theory which does not have a proof using only geometric
interpretations.

Fact 4.2.3. If X is a manifold of the homotopy type of a finite complez,
then MUY(X) is a finitely generated abelian group for any q € 7Z.

Proof of Quillen’s Theorem. By suspension isomorphisms, we only need to prove
that
ev

—~ —~ 2
MU (X)=C- Y MU "(X).
q>0
Denote the right-hand side by R. It suffices to prove that WGV(X)(p) = Ry

after localization for any prime p. In the following, we will prove this equation
by a decreasing induction on degrees.

—~— ev,>0
To begin with, we observe that Mo™” (X)) = RZS is always true since
—~— ev,>—2 _
we have 1 € C. Now suppose that we have MU - q(X)(p) = R(>p) %7 and we

want to prove that MU 2q(X)(p) = R(;Q)q.

To do this, we start from Proposition the equation that links the
Steenrod operations with the Landweber—Novikov operations. We take the
principal Z/p-bundles in the proposition to be S?"+! — §?m+1/(7Z/p), then
we have

wn+qp(x) _ Z wnfl(a)a(v)asa(x) c MU2(k71)n72q(X % S2m+l/(Z/p))

l(a)<n

—~ -2
for any z € MU q(X), where

W= Wpyt1 € MUQ(k*l)(S2mH/(Z/P)),
V= V1 € MU(S*™/(Z)p))
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are the Euler classes of the corresponding vector bundles on S*™*+1/(Z/p), and n
is sufficiently large to be valid for all m. This is possible since Proposition [3.4.1
only requires n to be large enough with respect to the dimension of X and g,

and therefore has nothing to do with m.
—~— ev,>—2q

For o # 0, we have s, (z) € MU
induction hypothesis. Therefore, we have

(X) and hence sq () € Ry by the

w" (wP(z) — ) = ¢(v),

where t(v) is some formal power series in v with coefficients in R(;,). Meanwhile,
by Remark w can be expressed as a formal power series in v with coeffi-
cients in C' and leading term (p — 1)! - vP~1. Therefore we have vP~! = w - 6(v)
for some formal power series 6(v) with coefficients in C,y. After multiplying
both sides of the equation above by 6(v)™, we get

" P (wIP(x) — ) = h(v) - O(v)".

Notice that 1 (v)-0(v)" is still a formal power series in v with coefficients in Ry,).
We may take r to be the minimal positive integer such that the equation

v (wP(z) — x) = 1 (v) € MU*(X x 8*"*1/(Z/p)) (9)
holds for some m € N and for some formal power series 1 (v) with coefficients
in R(p)

Let i : X — S?*1/(Z/p) x X be the map induced by the inclusion of a
point into S?*1/(Z/p). We apply i* : MU*(S*™*+1/(Z/p) x X) — MU*(X) to
the equation above, then we get 11(0) = 0 since r > 1 and *v = 0. Therefore,

there exists a formal power series 1, with coefficients in R, such that we
have 11 (v) = v - ¥9(v). Then the equation becomes

v [0 (W P(x) — ) — 12 (v)] = 0.

Now, by the technical Lemma there exists y € MU~24+20"=1)(X) such
that

Y- o(v) = v (wIP(x) — 2) = s (v),

or equivalently,
V" HwIP(z) — x) = o (v) +y - ¢(v) € MU*(X x S*™~1/(Z/p)).

Here, by abuse of notation, we still use v to denote v,, instead of v,,1, but one
should be aware that this equation holds in MU*(X x S?™~1/(Z/p)). Let

j 1§V /(T fp) = SV (Zfp) x X
be the map induced by the inclusion j’ : pt — X of a point into X. We apply

J* MU (Zp) x X) — MU*(S*™/(2/p)
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to the equation above. Since all elements in R are sent to 0 due to dimensional
reasons, we have j*(i2(v)) = 0. Meanwhile, we also have j*z = 0 since z is an

—~ 2
element in MU q(X). Therefore, the equation becomes 0 = j*(y) - ¢(v). Now,
—~ —2¢+2(r—1)

we replace y by y — j*(y) - 1, and we may assume that y € MU (X).
—~— ev,>—2
If r > 1, we have —2¢+2(r—1) > —2g and y € MU i q(X)(p) C R, and

hence 12 (v) + ¥ - ¢(v) is still a formal power series in v with coefficients in Ry).
Thus, r — 1 also satisfies the equation (9) by taking 11 (v) to be ¥(v) +y- ¢ (v),
which contradicts the minimality of 7.

So we must have = 1 and the equation becomes

wiP(z) — 2 = 2(v) +y- d(v),

—~ -2
for some y e MU (X).
Now, we apply ¢* to the equation above and get

q

—z =19(0) +py ifqg>0,
a? —x =1(0) +py ifg=0.

—~ -2
In the first case, since x € MU q(X) is arbitrary, we have

—~— —2q —~— —2q

—2

—~ 2

We denote N = MU(p)q(X)/R(_p%q. Then N is a finitely generated Z/p-module

by Fact [£:2:3] and the equation above tells us that N = p- N. Therefore, by
—~ 2

Nakayama’s lemma, we have N = 0 and hence MU(p)q(X) = R(_j)q.

—~ 0 —~ 0
In the second case, we have x = 2P in MU, (X)/(R{, + pMU ) (X)).

—~ 0
Therefore, once we can prove that MU (X) is nilpotent, we have

—~—0 —~0
3T ) (X)/ (Rl + pITT (X)) = 0,

. —~0 0 —~ 0
t.e., MU (X)(p) = R(p) +pMU (X)(p)

Now, we get back to the first case, and hence by Nakayama’s lemma again, we
get the result.

—~ 0
The reason why MU (X) is nilpotent comes from the Atiyah-Hirzebruch
spectral sequence. To be more concise, we have

EY? = HP(X,MU?) = MU?"9(X).
We denote the resulting filtration of MU®(X) by
MU%X) = F'U(X) 2 FIU%(X) 2 ...
Notice that Ey? = HO(X, MU®) = MU®, we have

FIMUY(X) = ker(MU*(X) — MU®) = MU (X).
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Since this spectral sequence is multiplicative, we have
WO(X)dim(x)H c pAmCO+1 0 X) = 0.

The last equation is due to E5*? = 0 for any p > dim(X) and any q. Therefore,
—~ 0
we show that MU (X) is nilpotent and the proof is finished. O

4.3 The Milnor—Quillen Theorem

In this subsection, we will show how do Corollary and a theorem of
Lazard lead us to the structure of MU*(pt). The theorem of Lazard that we
will use is proved in his paper [8]. Before stating it, let us extend our definition
of the formal group law to the graded case.

Let R = @4ezR, be a commutative graded ring. Then a graded formal
group law over R is a formal power series F(x,y) = >, a;;2'y’ € R[[z,y]] with
the coefficients a;; € Ry(;4;—1) that satisfies the same equations as in Definition
We also say F' is commutative if F' satisfies F(z,y) = F(y, ).

The Lazard ring . we mentioned before has a grading that makes it into
a graded commutative ring. Meanwhile, F,;, becomes a graded formal group
law under this grading. Moreover, it turns out that Fy,;, is still the universal
commutative graded formal group law. Lazard has computed LL as a graded ring
in his paper [8], which is the following theorem.

Theorem 4.3.1 (Lazard’s Theorem). The Lazard ring L is a polynomial ring
over Z with one generator at each positive even degree, i.e., L = Z[y1,ya,...]
with deg(yx) = 2k for any k € Z~o.

Recall that we have defined a formal group law F on 7y (MU) in Section[1.3]
Notice that m(MU) is equipped with a natural grading, it is not hard to prove
that F' is in fact a graded formal group law. Therefore, there exists a graded
ring homomorphism § : L. — 7, (MU) which sends the universal formal group
law Fypniv to F. And Quillen has proved in his paper [11] that ¢ is in fact an
isomorphism, which is the following theorem.

Theorem 4.3.2 (The Milnor—Quillen Theorem). The graded ring homomor-
phism § : L — 7, (MU) which sends the universal formal group law Fy iy to F
18 an isomorphism.

Combining this theorem with Lazard’s Theorem above, we are now able to
prove the Milnor Theorem.

Theorem 4.3.3 (The Milnor Theorem). We have my(MU) = Z[y1,y2, ...] with
the generators yy € wor(MU) for any k € Z~o.

Proof of the Milnor—Quillen. Theorem. Let ¢ : MU*(X) — H*(X;Z) be the
Thom homomorphism for any space X, which is defined by sending the element
in MU*(X) represented by f: Z — X to fs1in H°(X,Z). Here, the map f is
a proper complex-oriented map, fi1 is the image of the unit 1 € H°(Z) under
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the Gysin homomorphism fy : H(Z) — H~4™()(X). Then one can verify
that € commutes with pullbacks and Gysin homomorphisms. By an abuse of
notation, we still use € to denote the induced map

e MU*(X)[[t]] = H*(X)[[t]].

where ¢t = (t1,t2,...) is a sequence of variables. Recall that we have defined the
Landweber—Novikov operation s; : MU*(X) — MU*(X)[[t]] in Section
Now, we define 5 to be

fi=e€os : MU*(X) - MU*(X)[[t]] — H*(X)[[t]]-

Then we study the image of F,;, under this map.

We use eV and el to denote the Euler classes in MU* and H* respectively,
and similarly for ¢! and ¢ff. We also use fU and fI to distinguish the Gysin
homomorphisms in MU* and H*. Recall that we have

se(fyx) = f (e (vg) - sew)
from Proposition We have a similar equation for § as follows

Bfdx) = eosi(fix) = eo f(cf (vy) -
filoele] (vy) - siz)
= P (7)) - €0 sia)
= fi (¢ (vy) - B).
Now we are able to compute the image of Euler classes under 5. Let L — X

be any complex line bundle and we denote by i : X < L the inclusion of the
zero section. Then we have

BeV(L) = B(i*i1) = i*B(i1) = i*ig! (¢} (w),

where the last equation is obtained by taking f = ¢ and x = 1 in the equation
above. Since i : X < L is the inclusion of the zero section, we have v; = L, and
hence ¢ (v;) = (L) = 2jsoti efl(L)7 with ty = 1. So we can continue the
computation as follows

Fill(ef! () = i (D b - (L)) = Xty (L) - e (L) = ) e (L)1,

7=0 j=0 §=0

$¢)

Denote by 60:(T) = 3,5 t; 7771 the formal power series in T with coefficients
in Z[[t]] and tg = 1, we have proved that

BV (L)) = 0, (" (L)).
Now, we take L = L1 ® Ly to be the tensor of two line bundles, then we have

B(e”(L1 ® La)) = 6:(e" (L1 ® Ly)).
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Since eV (L1 ® La) = F(eY(L1),eY(Lz)) and e (L ® Ly) = e (L1) + et (Ly),
we have
B(F(e”(L1),e" (L2))) = Os(e™ (L1) + €™ (L)) (10)
We take X = pt in 5, and denote the resulting map by
B m(MU) = MU* (pt) — H*(pt)[[t]] = Z[[¢]]-
Since the coefficients of F' belong to 7, (MU), we have
B(E(e”(L1),e” (L2))) = (B'F)(B(e” (L)), B(e” (L2)))
= (B'F)(6:(e" (L1)), 0 (™ (L2))).
Combining this with equation , we get
(B'F)(6:(e" (L1)), 0u(e™ (L2))) = Ou(e™ (L1) + € (Lo)).

Since this is valid for any line bundles L; and Lo, in particular, we can take
them to be L; = P*O(—1) where P, : CP* x CP* — CP®, i = 1,2, are the two
projections. Then we get

(B'F)(0:(T1),0:(T2)) = 0(T1 + T3)

as formal power series in 77 and T5. Therefore, 0;(T') is the exponential of the
formal group law S'F.
Now, we consider the composition of 8" and d, and we get

L m (MUY 2 2]

FuniV ¥ F /B/Fa

where the second row indicates the change of formal group laws. By Corol-
lary we know that § is surjective. In the following, we will show that it is
also injective, and hence is an isomorphism.

Now we tensor every thing with Q, and we will show that the map Q®(S'0) is
an isomorphism by the Yoneda Lemma. Let R be any commutative Q-algebra.
Then Q ® (5’d) induces a map

Homg(Q[[t]], R) — Homg(Q ® L, R) = Homy(L, R). (11)

By the universal property of L, the right-hand side of can be identified
with the set of all formal group laws over R. Under the same identification, the
left-hand side of consists of formal group laws over R of the form ug'6 F for
some map u belongs to Homgz(Z[[t]], R). Since 8'6F has exponential 6;(T), the
formal group law ufB'6F also has exponential 0,(T) = >, u(t;)T7 1. By the
formal Lie theory, which is well explained in Chapter IV of Frohlich’s book [5],
every formal group law over a Q-algebra admits a unique exponential in R[[T]].
Therefore, the map is a bijection. And by the Yoneda Lemma, we know
that Q ® 4’0 is an isomorphism. In particular, the morphism Q ® ¢ is injective.
Moreover, by Lazard’s Theorem L is a polynomial ring and hence has no
torsion. Therefore, the map § is injective and hence an isomorphism. O
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Remark 4.3.4. Historically, Milnor has computed w,(MU) and proved the Mil-
nor Theorem in his paper [9] in 1960. Since Lazard has already proved his theo-
rem in his paper (8] in 1955, people realized that 7. (MU) and L are isomorphic
as graded rings. Moreover, there is a canonical graded ring homomorphism §
from L to mu(MU) that sends the universal formal group law to the one over
the complex cobordism ring. However, people were not certain whether 6 gave
the isomorphism between them. Finally, in 1969, Quillen showed that this was

indeed the case in his paper [11|], and this result is now called the Milnor—Quillen
Theorem.
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