MIRROR SYMMETRY OF ELLIPTIC CURVES

CHUHAO HUANG

ABSTRACT. Following Polishcuk and Zaslow’s paper [7] and Kreussler’s paper
[3], we construct an equivalence of additive categories: ¢, : D?(Coh(E;)) —
]-'ICO(E"'). Here 7 in the upper half plane serves as the lattice parameter when
defining E; and as the complexified Kéhler form when defining E7. These
two manifolds E- and E7 are called mirror manifolds, and the equivalence ¢,
turns out to be a preliminary example of so-called mirror symmetry. Examples
of mirror symmetry tend to be quite demanding to understand in general, so
we hope that this paper could serve as a stepping-stone for those who want to
explore the wonders of mirror symmetry.
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1. INTRODUCTION

The main goal of this paper is to construct a functor ¢, : D°(Coh(E,)) —
FK°(E™) that is an equivalence of additive categories and is compatible with the
shift functors. First, we introduce elliptic curves in this section. Then, we discuss
about D°(Coh E,) in section 2. Theorem 2.5 tells us the structure of a coherent
sheaf over an elliptic curve, and Theorem 2.11 gives the structure of D*(Coh(E.,)).
Since locally free sheaves come from vector bundles, we discuss about vector bundles
and introduce theta functions in the remaining part of section 2. In section 3, we
first define a general A,-category. Then we show how to get a real category from
it. After that, by adding formal finite direct sums, we get the desired abelian
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category FK(E™) from the Ab-category F°(ET). Finally, in the last section,
we construct the equivalence ¢, by first working on vector bundles of the form
L(¢) @ F(V,exp(N)) and then expanding the discussion to arbitrary locally free
sheaves.

First, we begin with the definition of an elliptic curve.

Definition 1.1. An elliptic curve is a Riemann surface of genus one with a chosen
base point.

Here is another more concrete definition of an elliptic curve, which defines it via
algebraic equations.

Definition 1.2. An elliptic curve is a non-singular plane cubic curve defined by
an equation
y? =23+ Az + B,

where A and B are two complex constants.

We can also see that an elliptic curve is always projective by embedding C? into
PPC? through the map (z,y) — (z,y,1). The corresponding equation in PC? is

y*t = a3 + Axt® + Bt3.
There is also another definition which tells us that topologically elliptic curves

are just tori. Meanwhile, elliptic curves differ from each other by their complex
structure.

Definition 1.3. An elliptic curve is a complex torus C/T", where T is a lattice in

C.

The equivalence between these definitions is well explained in Robert’s book [9],
which is an excellent reference for those who are interested in elliptic curves.

2. BOUNDED DERIVED CATEGORY OF COHERENT SHEAVES

The definition of coherent sheaves and thickened skyscraper sheaves and some
basic properties can be found in Appendix A. The reader is invited to consult it
when he or she comes across problems while reading this section.

2.1. Structure of coherent sheaves. First, let us study the structure of a co-
herent sheaf on a complex curve. I will prove that a coherent sheaf on a complex
curve can be decomposed into two parts. One part is locally free, which means
that it comes from an algebraic vector bundle (or holomorphic vector bundle by
Serre’s GAGA theorem), while the other part is the torsion part, i.e., a direct sum
of thickened skyscraper sheaves.

Lemma 2.1. Let X be an elliptic curve, and U = Spec(A) be an open affine subset
of X. Then A must be a Dedekind domain.

Proof. Notice that X is smooth, thus A is regular. Moreover, A is of dimension
one and thus A is a Dedekind domain. O

By Proposition A.7, a coherent sheaf restricted to any open affine subset is the
sheaf associated to a module. Thus, to study the structure of coherent sheaves,
we should first study the structure of finitely generated modules over a Dedekind
domain. We have the following structure theorem.
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Theorem 2.2. Let R be a Dedekind domain, and let M be a finitely generated
R-module. We define the torsion submodule T' of M to be the set of elements m of
M such that rm = 0 for some nonzero r € R. Then:

a) T can be decomposed into a direct sum of cyclic torsion modules, each
of the form R/I for some nonzero ideal I of R. Then, by the Chinese
Remainder Theorem, each R/I can further be decomposed into a direct
sum of submodules of the form R/p*, where p is a prime ideal of R and i
18 a positive integer. Moreover, this decomposition

T=R/p]* @ R/p3> & ... R/psr

s unique up to a permutation of the direct summands.

b) The torsion submodule is a direct summand of M, i.e., there exists a com-
plementary submodule P of M such that M =T & P.

¢) P is isomorphic to a direct sum of rank one projective modules. In partic-
ular, P is projective.

Fact 2.3. Let A be a Dedekind domain, and M be a projective A-module. Then for
every prime ideal p of A, the localization M, of M at p is a free module over the
localization A, of A at p. Moreover, the rank of these free modules is independent

of p.

Fact 2.4. Let X be an elliptic curve, and p be any point in X. Then X — {p} is
an open affine subset of X.

Theorem 2.5. Let X be an elliptic curve, and F be a coherent sheaf on X. Then
there exists a decomposition F = Fior ® G, where the torsion part Fior is a direct
sum of thickened skyscraper sheaves and G is locally free (a vector bundle).

Proof. Suppose U = Spec(A) is an open affine subset of X. Then by Proposition
A7, Fly &2 M for some finitely generated A-module M. By Lemma 2.1, A is a
Dedekind domain. So by Theorem 2.2, M can be decomposed as

M=A/p]* @A/ & ... A/pi & P,

where p; are prime ideals of A and P is a projective A-module. So the associated
sheaf has a similar decomposition

M=Ap @ A/ps*> @ ... A/pt” @ P.

Let p, g be two distinct points in X, and assume/&llat they correspond to prime
ideals p, g of A respectively. Then for the sheaf A/p?, its stalk at point ¢ is the
localization ring (A/p®)q. Since A is a Dedekind domain, its Krull dimension is
1, i.e., every non-zero prime ideal of A is maximal. Thus, there exists an element
a € p—q. Then a ¢ q tells us that a is invertible in (A/p™),. Meanwhile, a € p
tells us that a is nilpotent in (A/p™)q. Thus, (A/p™)4 is equal to 0. Meanwhile,
when ¢ = p, we have (A/p™), = (A/p)™, where A/p is a field since p is a maximal
ideal. Therefore, A/p™ is equal to a thickened skyscraper sheaf.

Next, I will prove that Pisa locally free sheaf. By Fact 2.3, we know that there
exists a positive integer r such that P, is a free Ay-module of rank r for every prime
ideal p of A. Assume that p corresponds to the point p € U. Then the stalk of P at
p is isomorphic to 7 copies of the stalk Ox . This isomorphism gives us r elements
in the stalk of P at p. By the definition of stalk, these r elements corresponds to
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7 sections defined over an open neighborhood V' of p in U. So there is a natural
map ¢ : (Ox|v)" — P|v, which becomes an isomorphism when restricted to the
stalk at p. Now, consider the kernel and cokernel of ¢. They are both coherent
sheaves with zero stalks at p. However, a coherent sheaf must be supported on a
closed subset. Thus, by shrinking V' if necessary, we can assume that the kernel
and cokernel of ¢ are zero. Therefore, ¢ is an isomorphism, and P is locally free.

What we have proved above is that over every open affine subset U = Spec(A),
F can be decomposed as a direct sum of thickened scyscraper sheaves and a locally
free sheaf. Since a thickened scyscraper sheaf is only supported at one point, it can
be extended to global skyscraper sheaf defined on X. Then, we define the torsion
part Fior of F to be the direct sum of these global skyscraper sheaves. Clearly,
Fior is a subsheaf of F, and the quotient sheaf G := F/F,,. is locally free. The
last part is to see that F is globally the direct sum of its torsion part F;, and the
locally free sheaf G, i.e., the following short exact sequence splits:

0 — Fior —F —G —0.

Since an elliptic curve is always quasi-compact, Fi..|v is supported at only
finitely many points in V. Thus Fi,, is supported at finitely many points of X,
denoted by A C X. Then, we take any point p € X — A. Since the stalk of F,, at
p is zero, it is sufficient to prove that the short exact sequence splits over X — {p}.
Now, by Fact 2.4, X — {p} is open affine. Thus, by the classification of finitely
generated modules over a Dedekind domain, we see that the short exact sequence
over X — {p} must split. O

In the argument above, we have proved that the coherent sheaf associated to a
projective module is locally free. In fact, the converse is also true and we have the
following fact.

Fact 2.6. Over X = Spec(A), the functor M +— M gives an equivalence between
the category of finitely generated projective A-modules and the category of locally
free coherent sheaves on X.

2.2. Structure of D’(Coh(E,)). Now we will focus on the bounded derived cat-
egory D®(Coh(X)) of coherent sheaves on X.

Theorem 2.7 (Global version of Serre theorem). Any coherent sheaf F on a smooth
projective variety of dimension n over a field k admits an n-step resolution ... —
0— Fn = Fno1 — ... = F1 — Fo where each F; is finitely generated and locally
free (thus they come from vector bundles).

Proof. By Corollary 5.18 of Hartshorne’s book [2], we know that for any coherent
sheaf G, there exists a locally free sheaf £ and an epimorphism & — G. First, we

take G = F and get a surjection Py Aoy F o 0, where Py is locally free. Then
we take G = ker(dp) and get a surjection Py — ker(dy), where Py is also locally
free. We compose this map with the embedding ker(dy) < Py and get an exact

sequence Py EEN Po b, F. Repeat this procedure, and eventually we will obtain
a resolution of F by locally free sheaves:

dn dn d
o= Pogl = Pp % Py —> - — Py 5 Py — F.

We replace P,, by P,/ im(d,+1), and get an n-step resolution of F:

e 0 P/ im(dng) 2 Py — o — P12 Py — F.
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Now, we only need to show that P, /im(d,+1) is still a locally free sheaf. Ob-
viously, it is enough to prove this locally at every point. So we can assume that
the underlying space is affine. Assume that X = Spec(A), where A is a regular
ring of dimension n. Then by Fact 2.6, we can view these locally free sheaves P; as
projective A-modules P;, and we have to prove that P,/imd, 4 is still projective.
We assume that F corresponds to a A-module M. Since A is a regular ring of
dimension n, we know that the projective dimension of M is not greater than n.
Therefore Ext"* (M, N) = 0 for any positive integer k and any A-module N. On
the other hand, notice that

e — P7L+1 — Pn/lm(dn+1) — 0
is a projective resolution of P, /im(d,+1), one gets
Ext""*(M,N) = H"**(Hom(P,, N)) = Ext*(P,/im(d,+1), N).

Thus, Ext® (P,/im(d,+1), N) = 0 for any positive integer k and any A-module N,
and P, /im(d,1) is projective. O

Definition 2.8. An abelian category C is called hereditary if Ext?(—, —) = 0.
Proposition 2.9. The category Coh(X) of coherent sheaves on X is hereditary.

Proof. Let F and G be two coherent sheaves on X. Since X is a smooth projective
variety of dimension 1 over the field C, F admits a 1-step resolution of locally free
sheaves ... — 0 — F; — Fy — F by Theorem 2.7. And the sheaf Ext'(F,G) is the
i-th cohomology of the complex

0 — Hom(Fo,G) = Hom(Fi,G) = 0— ...

Therefore, Ext'(F,G) =0 for i > 1.
Now, to show that Coh(X) is hereditary, we use the local-to-global spectral
sequence to compute Ext? (F,G). In fact, we have the following result:

EPY = HP(X, Ext!(F,G)) = ExtPT4(F,G).

By Theorem 2.5, every coherent sheave on X can be decomposed into a direct sum
of thickened skyscraper sheaves and a locally free sheaf. Thus, we can assume that
F and G are thickened skyscraper sheaves or locally free sheaves.

When F is locally free, F itself is a 0-step resolution of F. Therefore all sheaves
Ext'(F,G) are zero for i > 0. Then the spectral sequence is stable at EY*?, and
Ext'(F,G) = H(X,Hom(F,G)). Moreover, by Grothendieck’s vanishing theorem,
HY(X,Hom(F,G)) =0 for i > 1.

When F is a thickened skyscraper sheaf, F is supported at only one point p € X.
Now, by Ext'(F,G), = Ext'(Fy, G.), we know that the sheaves Ext'(F,G) are also
supported at the point p, i.e., they are again thickened skyscraper sheaves. Notice
that thickened skyscraper sheaves are automatically flasque, we know that they
have no higher cohomologies. So the spectral sequence is again stable at E5?, and
Ext'(F,G) = HO(X,Ext'(F,G)) = I(X, Ext'(F,G)). When i > 1, Ext'(F,G) = 0,
and thus Ext*(F,G) = 0. O

By Theorem 4.1 of Pakharev’s paper [6], we have the following result.

Theorem 2.10. Suppose that C is a hereditary abelian category. Then any object
L € D®(C) is isomorphic to the sum of its cohomologies, i.e., L = @®;H'L[—i].
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Here F[—i] denotes the complex with the only non-zero term (equal to F) in degree
1.

Theorem 2.11. Let X be a complex projective curve (certainly an elliptic curve is
one such example). Then every object of D*(Coh(X)) is isomorphic to the direct
sum of objects of the form F[n], where F is a coherent sheaf on X and F[n] denotes
the complex with the only non-zero term (equal to F) in degree —n.

Proof. By Proposition 2.9, Coh(X) is hereditary. Therefore, for any object L €
D*(Coh(X)) we can use Theorem 2.10 and get L = @; H? L[—i], which is the desired
expression. (Il

Remark 2.12. Combining Theorems 2.5 and 2.11, we know that every object of
D®(Coh(X)) is a direct sum of objects of the form F[n], where F is a vector bundle
or has support at a point (a thickened skyscraper sheaf).

For any two coherent sheaves A; and A on X, we have, by definition,
HOHlDb(X) (A1 [n], A2 [m]) = EXtm_n(AAl7 Ag)

Since we have proved that Coh(X) is a hereditary category, the morphism space
is trivial unless m —n € {0,1}. When m = n, Ext™ "(A;, Ay) = Ext’(4;, Ay) =
Hom(A;, A2). And when m —n = 1, Ext™ "(A;, Ay) = Extl(Al,Ag) can be
computed by Serre Duality as follows:

Lemma 2.13 (Serre Duality). Let Ay and As be two coherent sheaves on an elliptic
curve X. Then we have a functorial isomorphism

Eth(Al, AQ) = HOHl(AQ, Al)*

Proof. The detailed proof can be found in Lemma 2.7 in Kreussler’s paper [3]. So
we will omit it here. U

2.3. Vector bundles on an elliptic curve. Next, we will discuss vector bundles
on an elliptic curve. Then we will introduce theta functions.

We consider an elliptic curve E as a complex torus E = C/T", where T is a lat-
tice in C. Clearly, I has 2 generators which are linearly independent over R. By
rescaling, one of the generators can be taken to be 1 € R, while the other is denoted
by 7. We denote E. to be the quotient space C/Z @ Zr. Then, the exponential
map z — €™ gives an isomorphism between C/Z @ Z7 and C*/ ~, where u ~ qu
and ¢ = e We use E, to denote the quotient space E, = C*/ ~, and we
have £, = E.. We will use E/; and E, indiscriminately in the following text. We
denote 7’ : C* — E. to be the composition of the quotient map C* — E, and the
isomorphism F, = E,.

2miT

Now, we consider the following short exact sequence of sheaves over C*:

exp

0 —2Z— 00— 0" —N0.
It induces a long exact sequence:
-— HY(C*,0) - H*(C*,0*) = H*(C*,Z) — H*(C*,0) — ---

Since H(C*,0) = H?(C*,0) = 0, it induces an isomorphism Pic(X) = H!(C*, O*)
= H?(C*,Z), which is exactly the definition of the first Chern class of a complex line
bundle. Therefore, a line bundle on C* is determined by its first Chern class. But
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since C* is homotopic to S! as topological spaces, we have H?(C*,7Z) = H*(S',Z) =
0. Thus, all line bundles over C* are trivial. In particular, the pull-back of any line
bundle L over Ej is trivial over C*.

To figure out what is happening to general vector bundles, we first prove the
following lemma.

Lemma 2.14. FEvery vector bundle on an elliptic curve X is obtained as a succes-
sive extensions of line bundles.

To prove this lemma, we have to use the following fact.

Fact 2.15. Fvery map from a nonempty open locus in a complete nonsingular
curve to a complete variety can be uniquely extended to a regular morphism from
the entire curve.

Now we get back to the proof of Lemma 2.14.

Proof. Let m: E — X be a vector bundle on X. Then we consider the associated
projective bundle ' : P(E) — X. By the definition of vector bundles, there
exists an open subset U C X such that E|y is trivial. Moreover, since the set
of open affine subsets form a topological basis of X, we can take U to be open
affine. Since E|y is trivial, we can take a non-vanishing section s : U — E|y. This
section induces a section of P(E) over U because it is non-vanishing. We denote
this induced section by s’ : U — P(F). Notice that P(F) is a projective variety,
thus the map s’ can be extended to a global map s” : X — P(E) by Fact 2.15.
Now, we consider the composition of s” and #’. It is a map from F to itself which
restricts to the identity over U. Thus, the composition map can be viewed as the
extension of the embedding U — X. By the uniqueness part of Fact 2.15, we know
that the composition map has to be the identity over X. Therefore s is a section
of P(F) and defines a 1-dimensional subbundle L of E. we quotient E by this
subbundle L, and proceed in the same way for E/L. Finally, we get a filtration
0=FEyCFEy CEyC..CE,=FE,such that every L; = F;/E;_1 is a line bundle.
This is exactly what the lemma is asking for. O

Recalling that any line bundle on E; pulls back to the trivial line bundle over
C*, and using Lemma 2.14, we obtain the following proposition.

Proposition 2.16. The pull-back of every vector bundle on E, to C* is trivial.

Thus, all vector bundles on E are obtained from gluing the fibers over u and qu
in C*. We denote such a gluing by a holomorphic map A : C* — GL(V), such that
the fibers over u and qu are glued by the map A(u) : V.— V. To be specific, we
define the rank r holomorphic vector bundle F,(V, A) on E by taking the quotient

Fy(V, 4) = C* x V/(u,v) ~ (qu, A(u) - v).

Noticing that we can change the trivialization of every fiber on C* by an element
in GL(V), we have F,(V, A) = F,(V, A) if A(u) = B(qu)A(u)B(u)~" for some map
B :C* — GL(V).

When V = C and A = ¢ is a holomorphic function, we denote L,(¢) to be
the line bundle constructed in this way. We define L = L,(po) where ¢o(u) =

exp(—mit — 2miz) = ¢~ 2u~L.
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Following chapter I of Robert’s book [9], we can define a theta function of type
(h,a), where h and a are maps from I to C.

Definition 2.17. A theta function 6 of type (h,a) with respect to I' is a meromor-
phic function on the complex line C satisfying

0(z+7v) = a(’y)e”h(”(”%"m(z), VyeT.

In particular, when a(x + y7) = €*¥™ and h(z + y7) = —2iy, 0 is the unique
theta function satisfying 6(z + 1) = 0(z) and 0(z + 7) = e~ ™=+270(2). We call
this 6 the classical theta function or Jacobi theta function. The first equation tells
us that 0 factors through exp : C — C*, i.e., 8(z) = f(e*"**) for some holomorphic
function f on C*. Now we use u to denote the coordinate on C*. Then the second
equation of @ translates to f(qu) = ¢~ 2u~"f(u). Therefore f can be viewed as a
section of the line bundle L = L, (o) defined above.

Now, I will define the degree of a complex line bundle on an elliptic curve. Let
X be an elliptic curve, and L be a complex line bundle on X. Consider a general
section ¢ of L. By perturbing ¢ we can assume that it is transversal to the zero
section. Now, we consider the zero locus of . By transversality, these zero points
are discrete. Thus, there are only finitely many of them because an elliptic curve
is always quasi-compact. By the definition of a vector bundle, there exists an open
neighborhood U, of every point p € X such that L[y, is trivial. Moreover, we can
assume that U, = D , where D is the open unit disc in C' and p maps to 0 under
this isomorphism. Now o|y, can be viewed as a smooth function o|y, : D — C. If
p is a zero point of o, then the differential do : ToD — T,C can be represented by a
nondegenerate 2 x 2 matrix. We denote sgn(p) to be the sign of det(do). One can
check that sgn(p) is independent of the choice of the trivialization of L over U,.

Definition 2.18. The degree of L is defined by deg(L) := Zp sgn(p) € Z, where
the sum is over all points p where o is zero.

Since the complex zeros of the Jacobi theta function 6 are given by the orbit of
% + %T, f has only one zero. Now, we can view f as a section of the line bundle L
by the argument above, and we know that the degree of L is 1.

The Jacobi theta function # has an explicit expression:
0(z) = Z exp(mim?T + 2mimz).
meZ

One can easily check this fact by showing that the 6 defined above by the ex-
plecit expression satisfies the two modularity properties of the Jacobi theta function.

The reason why we are interested in the particular line bundle L = L,(¢g) is
because it helps us to classify all holomorphic line bundles on E. To be specific, we
have the following proposition:

Proposition 2.19. Every holomorphic line bundle on E has the form t:L @ L™
for somen € Z and x € E, where t,, is the map of translation by x on E (recall that
every elliptic curve is isomorphic to a torus, making the curve an abelian group).

The proof of this proposition relies on the following theorem of the square which
gives a description of the group Pic® := ker(c1), where ¢ is the map of taking the
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first Chern class. Notice that in the case of a smooth projective curve, the degree
map coincides with the first Chern class. Thus Pic® coincides with the group of
degree zero line bundles. Following Beauvilles’s paper [1], we have the theorem of
the square:

Theorem 2.20 (Theorem of the square). Let X = C/I' be an elliptic curve, and
L be a line bundle on X.

a) The map
A X = Pic®(X), Ap(x) =t:L®@L7!

18 a group homomorphism.
b) Let E € At*(I',Z) = H?*(X,Z) be the first Chern class of L. If E is
non-degenerate, then Ar is surjective.

Noticing that every line bundle over X = C/I' pulls back to the trivial line
bundle over C, we can recover a line bundle over X from the trivial line bundle by
identifying the fibers over the preimages of every point. To be specific, we introduce
the notation of systems of multipliers following Beauville’s paper [1].

Definition 2.21. Let (ey) er be a family of holomorphic invertible functions on
C. It is called a system of multipliers if these functions satisfy

evt5(2) = ey(z + 0)es(z), Vv, € T' (“cocycle condition”).
Using (e4)yer, we can define a relation on C x C by

(z,t) ~ (z+7,e4(2) - 1), Vy €T

“ 7

Then the cocycle condition guarantees that the relation “ ~ ” is an equivalence
relation, and the quotient space C x C/ ~ defines a line bundle over X = C/T.

Now, we construct systems of multipliers from Hermitian forms.
We denote by P the set of pairs (H, «), where H is a Hermitian form on C, and
a is a map from I' to S' C C satisfying following two restrictions:
a) F(u,v) :=Im(H(u,v)) € Z, Yu,v €T
b) a(y+90) = a(y)a(d)(~1)F0
Then the law (H,«) - (H', &) = (H 4+ H', aa) defines a group structure on P.
For (H,a) € P, we put

er(z) = a(»y)e”[H(%Z)+%H(%“/)]7 yer

One can easily check that this defines a system of multipliers. And the correspond-
ing line bundle will be denoted by L(H, ).

The benefit of defining a line bundle by a Hermitian form is that we can calculate
the first Chern class of the line bundle easily. The following proposition comes from
Theorem 2.8 of Beauville’s paper [1].

Proposition 2.22. The first Chern class c1(L(H, «)) is equal to E € Alt*(T', Z) =
H?*(E,7).

Corollary 2.23. Let X be an elliptic curve, and L = Ly(po) be the particular line
on X defined above. Assume that L' is a holomorphic line bundle on X with zero
degree. Then L' 2 t*L ®@ L™ for some x € X.
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Proof. Notice that in the case of a smooth projective curve, the degree map coin-
cides with the first Chern class. Thus, L’ has degree 0 tells us that its first Chern
class ¢1(L') is 0, and L' € Pic°(X). Now it is sufficient to prove that E = ¢1(L)
is non-degenerate. Then by Theorem 2.20 b), the associated map Ay, is surjective,
and L’ can be expressed in the desired form. Now, I claim that L comes from the
Hermitian form o ~
H(u,v) = 2wv_ = ﬂ, where ¢ = Im(7),

T—T t
up to a normalization. The detailed proof of this claim can be found in chapter 8,
section 3 of Lang’s book [4]. Since 7 lies in the upper half plane, ¢ is not zero, and
the equation above makes sense. Now, by Proposition 2.22, the first Chern class
E of L is the imaginary part of H. And one can easily check that F = Im(H) is
non-degenerate. O

Now, we get back to the proof of Proposition 2.19.

Proof. Let L' be any holomorphic line bundle on E. Assume that the degree of
L' is n. Then we consider the line bundle L” = L’ ® L=". The degree of L" is
deg(L") = n+mn x (—1) = 0. Thus, by Corollary 2.23, L” = ¢ L @ L~! for some
x € E. Therefore, L' 2 " ® L™ 2 t:L ® L"1. O

Now, we define theta functions by their explicit expressions.

Definition 2.24. A theta function has three parameters: 7 € C for the torus, and
(¢, ") € R?/Z? for line bundles of the same degree. The theta function is defined
by
01, " |(1,2) = Z exp{2mi[r(m + )2 /24 (m + ) (z + )]}
meZ
If (¢, ") = (0,0), 0]0,0](r, z) becomes the Jacobi theta function, and we will use
the notation 6(r, z) for it.

Remark 2.25. The n functions 6,(z) = 6[a/n,0](n7,nz),a € Z/nZ are the global
sections of L™. The reason is that:
04(2) = 6a(z +1),and
Oalz+7) =" ™TTITE ) (2) = (g7 uT)" - Oa(2).
Moreover, they form a basis of the space of global sections of L™.
Now, consider the natural r-fold covering =, : E;r — E,; which sends u to w.

Then, the preimage of u € E, is {u, qu, ...,¢""'u}. We define the natural functors
of pull-back and push-forward associated with m,..

Definition 2.26. The pull-back map 7 is defined by m F,(V, A) = F;(V, A"), and
the push-forward map 7, is defined by 7. Fyr(V, A) = Fy(V ® C", m,,.A), where
TrAv®e;) =v®eiqq fori € {1,2,....,7r — 1} and 1, A(v®e,) = Av R e1.

These two maps have the following properties:
Proposition 2.27. There are natural isomorphisms:
CL) 7T7-*(F1 (24 W:Fg) = 7T7-*(F1) ® F2

b) (7o (F))* = 7, (F")
¢) HY(E,,m,.(F)) = HY(E,, F)
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Proof. Suppose that Fy = F~(V, A) and F» = F,(W, B). Then n}Fy = F (W, B"),
and Fy @ miFy = For (V@ W, A® B7).
Thus, we have

(L @7 F) = Fy(VRW ®C", 1w (A® B"))

and
VW ey ifie{l,2,....,7—1}
mre(A®B)v@wee;) = {AU@BT?,U®€1 ifi=r.

On the other hand, m,.(F1) = F,(V @ C", m.A). Thus, we have

T (F1) @ Fy = Fy(V@C" @ W, msA® B)

and

Ao B v®e41 ®@Bw ifie{l,2,..,r—1}
T A® B e ®w) = Av®ei ® Bw ifi=r.

Now, defineamap o : VW ®C" — VRC'@W by c(v@w®e;) = v®e; ® Blw.
Then one can check that the following diagram commutes:

VeawWeC —2-VeC oW
T (A®BT)\L \Lﬂ'r*A@B

VeaWeC —=VeC oW

Therefore, we have
F,VeWC' m(A®B") 2 F,(VeC @W,r.A® B)
and
T (F1 @ Tp Fo) = i (F1) @ Fo.
Now, suppose that F' = Fy-(V, A). Then we have

Trs(F) = Fy(V @ C", w0 A),

and thus
(1 (F))" = Fy(V @ C", (m A) ),

and the associated endomorphism is defined by
VR e ifie{2,3,..,r}

'I’*A71 i) =
(T A) " (v ® €5) {A‘1v®er i1

On the other hand, F* = F(V,A™1), and 7. (F*) = F,(V @ C", m..(A71)).
And the associated endomorphism is defined by
v@eiy  ifie{1,2,..r—1}
T* A_l ®e;) =
e e {A1v®61 ifi=r.
Now, we can define amap 0/ : V@C" - VRC" by c'(v®e;) =v® er_iy1.
Then one can check that the following diagram commutes:

Vet —2~VecCr

(MA)—ll lm(/ﬁ)

Vel —2>VecCr
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Therefore, F,(V @ C", (7, A)™!) =2 F (V@ C", 1 (A7), and 7. (F) & mpu (F).
The last equation can be easily checked since H? just means taking global sec-
tions. ]

Remark 2.28. The pull-back functor commutes with tensor product and duality
since one can easily verify that 7" is the usually defined pull-back of vector bundles.

Corollary 2.29. We have the following two isomorphisms, which show the ad-
jointness of mr. and ) :

Hom(F, 7. F2) & Hom(7w) Fy, Fy),
Hom(7,. F1, Fy) & Hom(Fy, m) Fy).
Proof.
Hom(Fy, 7 Fy) =2 HY(E,, Ff ® 7 Fy)
HO(EqﬂTT'*(W:Fl* ® F))
~ HYE,, 7 Ff @ )
HY(Eqr, (1) F1)* @ Fy)
= HOHl(T(‘::Fl,FQ)
and

Hom(m,. F1, Fy) = HY(E,, (1 F1)* @ Fy)

]

The following three useful propositions and their proofs can be found at the end
of section 2 of Polishchuk and Zaslow’s paper [7], so we will omit the proofs here.

Proposition 2.30. Every indecomposable bundle on E4 is isomorphic to a bundle
of the form m.(Lyr () @ Fyr (C*,exp N)), where N is a constant indecomposable
nilpotent matriz, ¢ = t% o - <p6“1 for some n € Z and x € C*, and t, represents
the translation by x.

Proposition 2.31. Let ¢ = t7pp - @6’71, with n > 0. Then for any nilpotent
endomorphism N € End(V), there is a canonical isomorphism

Vo HUL(9)) @ V = HO(L() & F(V,exp N)).
And the map V, N is defined by

Vo (f @) = exp(DN/m)f v = 3" D" f - N*w,
k=0

where D = fudi =L 4d,
u
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Proposition 2.32. Let p; = tipg - of' ', @2 = thpo - 0§, and let N; €
End(V;),i = 1,2, be nilpotent endomorphisms. Then
V8017N1 (fl ® Ul) o Vz,ag,Nz (f2 ® 1}2)

Ny —niNs D No —noN71 D
= Vo102, N1 +N; [eXP <71217112> (f1) exp (71127121) (f2)(v1 ®U2)] ;

ny+ny m ny+ng N2

where N1, No denote N1 ® 1 and 1 ® Ny respectively, on the right hand side, and o
denotes the natural composition of sections

H(L(p1) ® F(Va,exp N1)) @ H°(L(p2) @ F(Va,exp Na2)) —
HO(L(CPltpg) X F(V1 & Vg,exp(Nl ®R1+1® Ng)))

Recalling that exp d% is the gemerator of translations, we may write formally

eXp(N~CZ> f2)=f(z+N).

In this notation, the above formula becomes

n1 Ny —na Ny
27m'n1(n1 + Tlg)

na N1 —n1Na
27rm2(n1 -+ Tlg)

V(fl@’l)l)OV(fz@Ug) =V<f1(2:+ )f2<22+ )(’Ul ®1}2)>

n1Ng—ng Ny noNj—nqNo )

=) (fl (ue ni(ni+ngz) )f2(ue ng(ni+ng) )('Ul ® v2)

It is also important to notice that we can write down explicitly the morphism
space between two vector bundles. To be specific, we shall need the following
lemma;

Lemma 2.33. If A € GL(V), then
HY(E,,F,(V,A)) = ker(1, — A).
In particular, we have
Hom(F(Vh, A1), F(Va, Ag)) = {f € Hom(V4,Va)|f 0o A1 = Ay 0 f}.

Proof. The first equation follows easily from the fact that holomorphic sections of
a flat vector bundle are covariantly constant. As for the second equation, we have

HOIII(F(V&,A]_),F(‘/Q,AQ)) = HO(E‘HF(‘/l* ®‘/25A))7

where A € GL(V; ® Va) = GL(Hom(V4, V3)) is defined by A(f) = Ayo fo A, for
all f € Hom(Vy, V3). Thus, combining it with the first equation, we have:
Hom(F(Vi, A1), F(Vz, A2)) = ker(ly gy, — A)
= {f € Hom(V1, V2)|f o A1 = Az 0 f}

3. Fukaya CATEGORY

Definition 3.1. A complex manifold M of dimension n is a Calabi-Yau manifold
if M is a compact Kahler manifold with a nowhere-vanishing holomorphic top form
Q, which is called the Calabi-Yau form of M.
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Now, let M be a Calabi-Yau manifold . We denote its Kahler form to be k. Then,
by Yau’s Theorem, M admits a unique Ricci-flat Kahler metric, which will also be
denoted by k. After that, we choose a closed 2-form b and define the complexified
Kaéhler form w to be w = b+ ik. We are interested in the image of w in the Kéhler
moduli space

Mnier(M, J) = (H*(M,R) @ iK(M, J))/H* (M, R),
where J is the complex structure of M and
K(M,J) = {|w] € H*(M,R)| w is Kéhler}

is called the Kahler cone of M. .

In the case where M is a torus, we can compute H?(M,R) by Poincare dual-
ity: H2(M,R) = Hy(M,R) = R. Thus, we can identify the Kihler form (or the
corresponding flat metric) k with a positive real number (it is positive because k
induces a metric that is positively definite). Meanwhile, by the same reason, we
can also identify b with a real number. Therefore, the complexified Kéhler form w
can be identified with an element 7 in the upper half-plane. Recall that we have
defined the elliptic curve E, with the lattice parameter 7 at the beginning of section
2.3. Now we can form E7 by taking 7 to be the complexified Kahler form on the
torus. Then E7 turns out to be the mirror manifold of the elliptic curve E.. In
this section, we will discuss its Fukaya category F°(ET) and enlarge this category
to an additive category FK’(ET). And in the next section, we will construct an
equivalence between D*(Coh(E,)) and FK"(ET) following Polishchuk and Zaslow’s
paper [7] and Kreussler’s paper [3].

3.1. General A,-categories. First, we will define a general A,,-category.

Definition 3.2. An A..-category F contains a class of objects Ob(F). And for
any X,Y € F, their morphism space Hom(X,Y") is a Z-graded abelian group.
Moreover, there are a series of composition maps:

my : Hom (X7, X2) ® Hom (X5, X3) ® ... ® Hom(Xy, Xi+1) — Hom (X1, Xiy1),

k > 1, of degree 2 — k, satisfying the condition

n n—r+1

Z Z (=D mp—ri1(01 ® ... ®a5-1 @My(As ® ... @ Uspr—1) R Ustr Q... @ay) =0

r=1 s=1

for all n > 1, where e = (r+ 1)s+r(n+2;;i deg(a;)). All these composition maps
and the conditions they satisfy form what is called A,.-structure. In particular, we
call the conditions they satisfy the A..-relation.
Remark 3.3. We have the following remarks:

a) An A.-category with one object is called an A..-algebra.

b) When we take n = 1 in the A.-relation, we get a degree 1 map

my : Hom(X1, X2) — Hom(X1, X5)

such that (m;)? = 0, making the space Hom (X1, X3) into a chain complex.
I will use d to denote m in the following article.
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¢) When we take n = 2 in the A, -relation, we get a degree 0 map
mz : Hom(X1, X2) ® Hom (X3, X5) — Hom(X1, X3)
such that
d(ma(a1 ® az)) = ma(day ® as) + (—=1)%2 W my(ay @ dag) = ma(d(a; ® as)),

where the last d, by definition, is the differential operator in the complex
Hom(X7, X3) ® Hom (X5, X3). Therefore, mg is a morphism of complexes
and induces a product on cohomologies.

d) When we take n = 3 in the A, -relation, we get a degree —1 map

ms : HOIH(Xl, Xg) X HOIH(XQ, Xg) X HOH](Xg, X4) — HOIH(Xl, X4))
such that
mg(a1®m2 (a2®a3))—m2 (ng (a1®a2)®a3) = d(m3(a1®a2®a3))+m3(d(a1®a2®a3)),

where the last d is the differential operator of the complex Hom(X1, X2) ®
Hom(Xs, X3) ® Hom(X3, X4). Therefore, this equation tells us that the
product on cohomologies induced by ms is associative.

Now, since the composition map ms is not necessarily associative (it is merely
associative at the level of cohomologies), the A..-category F is not necessarily a
real category. However, we can define a real category F° from F by replacing all
morphism spaces by their H.

Definition 3.4. Let F be an A,,-category. Then we can define a true category
FO. The objects of FV is the same as F. The morphism spaces are defined by
Homzo(X,Y) = H(Homz(X,Y)). Here, we recall that the degree one map d =
my satisfies d> = m? = 0 and makes the morphism space Homz(X,Y) into a chain
complex.

3.2. Fukaya category. Now, we are able to define the Fukaya category F (M ) for
a Calabi-Yau manifold M. To define the objects of this category, we have to intro-
duce the notion of special Lagrangian submanifolds of a Calabi-Yau manifold. The
definition of special Lagrangian submanifolds and related properties can be found
in Appendix B.

Objects: The objects of F (M ) are special Lagrangian submanifolds of M en-
dowed with flat bundles with monodromies having eigenvalues of unit modulus.
Apart from these, we also have an additional structure that will be discussed later.
To summarize, an object U is a pair U = (L, o, E) where L is a special Lagrangian
submanifold, £ is a local system on £ whose monodromy has eigenvalues with unit
modulus (we will explain this later), and « is a real number that represents an addi-
tional structure (which will also be discussed later). This additional structure will
allow us to define a shift functor in the Fukaya category F (]\7 ) and to calculate the
Maslov index, which is used to introduce a Z-grading on the spaces of morphisms
in this category.

Remark 3.5. According to appendix B, in the case where M is a torus M = R?/72,
a special Lagrangian submanifold £ of M is the image of a line in R? with rational
slope under the quotient map R% — M.
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Remark 3.6. Here, when we define £ to be a local system, we mean that it is a
locally constant sheaf of complex vector spaces, or equivalently, a complex vector
bundle equipped with a flat connection.

Over a contractible space, the flatness of the connection allows us to define a
trivialization by parallel transport. Thus, for any flat rank n bundle over X, we
have a well-defined map ¢ : 71 (X, x9) — Aut(C™), which is defined by considering
the parallel transport along any loop based at zy. Moreover, one can prove that the
flat bundle and the flat connection are determined by the map ¢. In other words, &;
can be represented as a representation of the fundamental group of the underlying
Lagrangian. In particular, when X is a special Lagrangian manifold of an elliptic
curve, it is isomorphic to the circle S'. And a representation of the fundamental
group 71(X) = m(S?) = Z is given by a vector space V and an automorphism
M € GL(V). We use (L,a, M) to denote the object defined in this way. We can
change the orientation of X and replace M by M !, then we get an isomorphic local
system on X. Moreover, the automorphisms that are conjugate to M also define
isomorphic local systems. We call M the monodromy of the local system. When we
require £’s monodromy to have eigenvalues of unit modulus in the definition of the
objects U = (L, a, &), it means that we only consider those M whose eigenvalues
have modulus one.

Now, let us restrict ourselves to line bundles on X. Then ¢ : 71(X, z9) — Aut(C)
is just a map form Z to C. So we can determine this map by the value of the gen-
erator of m1 (X, zg). In other words, we can specify a line bundle £ over the elliptic
curve X simply by its monodromy around the circle, which is a complex phase
exp(2mif) with 8 € R/Z.

The additional structure needed in the definition of the objects is the following.
The embedding of a Lagrangian submanifold L into a Calabi-Yau manifold M
induces a map from L to V, where V is a fiber bundle over M with fiber at x equal
to the space of Lagrangian planes of T, M (L being Lagrangian implies that T, L
is a Lagrangian plane of T, M). We call this map from L to V the Gauss map.
Now, we consider another fiber bundle V over M. The fiber of V at € M is
the universal cover of the fiber of V' at x. The additional structure for a special
Lagrangian submanifold L is a lift of the Gauss map to V.

In our case where M is an elliptic curve and L is the image of a line, the space of
Lagrangian planes of the tangent space is isomorpohic to S L. So V is a S'-bundle
over M and V is a R-bundle over M. Now, the Gauss map is a constant map of
value equal to the intersection point of the line and the unit circle in C, which can
be viewed as a complex phase with rational tangency. We define this phase by
exp(ima). Then, to define a lift of the Gauss map to XN/, we only have to choose «
itself. And we will use o € R to represent the additional structure in our case.

Shift functor: We can define a shift functor on the objects of a Fukaya cate-
gory F (M) which corresponds to the natural shift functor in the bounded derived
category of coherent sheaves D?(Coh(M)). The shift functor on objects is defined
by:

(L, o, E)[1] = (L,a +1,E).
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Morphisms: Let U; = (L£;,a;,&;), i = 1,2 be two objects in F°(M). When
L; # L;, the morphism space Hom(U;,U;) is defined by
Hom(U;, Uj) = @ Hom(Eilx, Ejla),
z€L;NL;

where the “Hom” means the space of homomorphisms of vector spaces.

We can also define a Z-grading of Hom(U;, U;) using Maslov-Viterbo index, which
is given by
p(z) = —la; — o

in our case. Here, a; and o are the additional structures of ¢/; and Uf;.

Now, we assume that the lines £; and £; go through the origin. We also assume
that tan(a;) = ¢/p and tan(a;) = s/r, where (p,q) and (s, ) are both relatively
prime pairs. One can easily verify that the intersection points of £; and L; are
those points of the form

( pk gk
lps = qr|” |ps — qr|
In particular, there are |ps — gr| non-equivalent intersection points.

) , k€Z/|ps — qr|Z.

A -Structure: The A, -structure on a Fukaya category F (M ) is given by
summing over holomorphic maps from the open unit disc D in C to the elliptic
curve. Moreover, these maps should satisfy the boundary condition, and the sum
of the maps should be conducted up to projective equivalence (we will define this
equivalence after introducing the boundary condition). Now, assume that £;, i =
1,2, ..., k+1 are different from each other. Then an element in Hom(;, ;1) can be
represented as a finite sum of elements of the form u; = ¢;-a;, where a; € £L;NLj41
and t; € Hom(&jla;,Ejy1la;). And we can define the A-structure as follows:

mi(u; ® ... Quy) = E C(Ury ey Uy Qt1) * Gt
apy1€LINLK 1

where the coefficients C' are defined by

C(Uy ey Uk, Q1) = Z:I:e%if(z’*w . Pef 9B,
[

Here, the sum is over holomorphic maps ¢ : D — M that satisfy the following
boundary condition: there are k + 1 points p; = €2 € @D such that

o(p;) = a;
and
@(e*™7) € Lj, Yy € (vj-1,7)-

Here, w is the complexified Kahler form w = b + ik, and [ is the flat connection of
the vector bundles. And the sum is conducted up to projective equivalence. Here,
we define two maps ® and ®’ satisfying the boundary condition to be projective
equivalent if and only if there exists a holomorphic automorphism p : D — D such
that p(p;) = pj,V1 < j < k+1and & = ® o p. One can easily check that this
defines an equivalence relation. Next, we will explain the meaning of these two
integrations [ ¢*w and § ¢* in the coefficient C. Obviously, the first integration
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J ¢*w is just the symplectic volume of the disc D with respect to the symplectic
form ¢*w. Now, I will explain what the second integration ¢ ¢*3 means. In fact,
the second integration is defined by composing the integrations on every curve of
0D divided by the points p;:

Pef 7w _ Pef';ykk+l Brdy b - Pef;:il Br-1dy g ety - PefJIcIJrl ﬁld’Y’

Moreover, the integration fj“ Bid~y can be computed as follows. In a local trivi-
alization, the connection 3; can be represented as 3; = d + N where N is a n; X n;
matrix of one forms (n; is the rank of the vector bundle &;). The intersection of
the curve ¢([7y;,7vi+1]) and the local trivialization gives a local trivialization of the
curve. I denote this local trivialization of the curve by f : [0,1] — M. Now we can
integrate the matrix IV along f and get a new matrix. We can view this matrix as
a linear isomorphism between the fibers at f(0) and f(1). Now we can divide the
curve ¢([7i,vi+1]) into finite segments, and we repeat the process of integration on
every segment. Then we get finitely many isomorphisms between the fibers at ad-
jacent endpoints. We compose these isomorphisms to get an isomorphism between
the fibers at ¢(v;) and ¢(v;41). Finally, we take the exponential of this isomor-
phism, resulting in a linear map from &;y1lq; to vy Since t; is a linear map

Qg1

from &; a;, the definition of Ped ?"w makes sense when the formula

a; t0 Eit1

Br—1dy 1 B1dy

Pe$ o7 = Pefwwkk+1 Bredy 4. Pem’f—l tho—1 .ot Pe‘/w+1
is read from right to left. And Pef®“ is an element of Hom (€1 |ayirs Ertilapss)-
There is also an alternative interpretation of the integration of the connection
from the geometric perspective. Since the connection f; is flat, the parallel trans-
port between any two points of the curve ¢([v;,vi+1]) is well defined, i.e., it is
independent of the choice of the path connecting these two points. In particu-
lar, the parallel transport from the point ¢(7;) to ¢(v;+1) gives us an element in
Hom(&41la;, Eiv1lasy, ). This element should equal to the element fjj“ Biy1dy de-
fined above using integration of the matrix. In fact, this equivalence reveals the
idea that “connection is the derivative of parallel transport.”

Fact 3.7. The compositions defined above satisfy the A -relation, making F (M)
into an Ao-category. F (M) is called the Fukaya category of M.

However, as I have mentioned in the beginning of this section, the Fukaya cate-
gory F (M) is not a real category because the composition map ms is not associative.
Instead, we can define a real category F°(M) by taking the 0-cohomology of F(M).
In our case, M is an elliptic curve, and one can check that m; = d = 0. So the
0-cohomology is just the zero-degree part of the morphism groups. Recalling that
me is associative at the level of cohomologies, we know that mq is truly associative
at the level of the original groups as well. Moreover, the higher m’s are also zero
in F(M). And the equivalence that I am going to prove is between D°(Coh(E,))
and FK°(ET), where E7 is the mirror manifold of E,, and FK°(E") is constructed
from the Fukaya category F°(ET) by adding formal finite direct sums. We will give
the explicit definition of FX(ET) later.

Since the morphism space in F°(M) is just the zero-graded part of the mor-
phism space in F(M) and the grading is given by —[a; — ], we can write down
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explicitly the morphism spaces in F°(M): when £; # L£;, the morphism space
Hom ro(apy (Ui, U;) is defined by

0 if Qj — Q4 ¢ [O, 1);

HOHl]:O(]u)(ui,Uj) = @ Hom(é’i\x,gﬂw) if a; — oy € [O, 1)
xeL;NL;

and when £; = £;, we know that o; — a; € Z and we define
0 if aj —a; ¢ {0,1};
Hom o ppy (Us,U;) = HO(Li, Hom(E,E))) if aj = ay;
HY (L, Hom(&;,E))) if aj = a; + 1.
Here, the “Hom” in the former case is the space of homomorphisms of vector spaces,

and the “Hom” in the latter case is the sheaf of homomorphisms of local systems
(which are regarded as locally constant sheaves of complex vector spaces).

Let me explain the latter Hom more explicitly. We can represent &; and &; by
two automorphisms M; € GL(V;) and M; € GL(V;). Then one can easily check
that the resulting local system Hom(&;,E;) corresponds to the automorphism A
in V = Hom(V;, V), where M is defined by M(f) = M;o fo M; " for f € V.

Moreover, since £; = S, we can compute the sheaf cohomology above. In fact,
one can compute that

HY(Li, M) = ker(M — 1y) = {f € Hom(V;, V;)|M; o f = f o M;}
and
HY(L;, M) = coker(M — 1y) = Hom(V;, V;)/M; o Hom(V;, V;) o M; .
Now, since ker(M — 1y/)* 2 coker(*M — 1y) = coker(! M~ — 1y), we get a canon-
ical isomorphism H®(L;, M)* = H*(L;, M"). Here, M" is the dual local system,

which is given by the automorphism A ~!. Combining this with the definition of
morphism spaces, we get the following “Symplectic Serre Duality:”

Lemma 3.8 (Compare to Lemma 2.13). Let (£;,;,&;) and (L, a;,E;) be objects
in FO(M). Then there exists a canonical isomorphism

Hom((ﬁi, Oéi7(€i), (ﬁj, aj, 5})[1]) = Hom((ﬁj,aj,é’j), (ﬁl, Oéz,gl))*

Now we define the composition in F9(M).

Let (L£;,q;,&;), i = 1,2,3 be three objects in F°(M). We will use A; to denote
(L, 04, &). Let w € Hom(Aq, Az), v € Hom(Ag, Ag) be two non-zero morphisms in
FO(M). Then we have, by definition, a; < as < a3, ag < aj +1 and a3 < ag + 1.
To define v o u, we have to consider the following different cases.

Case 1. az > ay + 1.

Then Hom(Aj, Ag) = 0. So we define v ou = 0.

Case 2. a1 < ag < az < aq + 1.

In this case, we know that the £; are different from each other. And the definition
is exactly what we have discussed before when we define the A..-structure of F(M).

If we are not in Case 1 or Case 2, then we have oy < as < az < oy + 1 and at
least one of these inequalities is actually equal. The case where ag = a7 + 1 will
be discussed in Case 3. And the remaining cases will be discussed in Case 4 and
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Case 5.

Case 3. a1 < as <az=a; + 1.
If 1 < as < ag = a1 + 1, then we know that the composition map

Hom(A1,As) ® Hom(Ag, Ag) — Hom(Aq, As)
is equivalent to
Hom(A1, As) ® Hom(As[—1], Ag)* — Hom(As[—1], A1)*,
and is equivalent to
Hom(A3[—1], A1) ® Hom(A1, A2) — Hom(A3[—1], A2).

Here, the first equivalence comes from symplectic Serre duality: Hom(A, B[1]) =
Hom(B, A)*, and the second equivalence comes from the canonical isomorphism
Hom(Ve@W*, S*) =2 Hom(S®V,W). Now we have ag—1 = a1 < as < (az—1)+1,
and this case can be reduced to Case 4.

Ifai<ays=as=ai+1ora; =as < az = a;+1, then we have £; = Lo = L3.
Both cases can be reduced to Case 5§ by symplectic Serre duality and the canonical
isomorphism Hom(V @ W*,S*) =2 Hom(S ® V,W).

Case 4. Precisely two of the aj coincides and a1 + 1 > ag.

If a1 = ay < ag, then we have £1 = L5 # L3. And we have

Hom((L1, a1, 1), (L2, a2,E)) = H (L1, Hom(&r, E))

and
Hom((Ls, 02, &), (Ls,03,)) = @) Hom(Els, Eslx)
r€L2NL3
and
Hom((L1,a1,€1), (L3,03,6)) = € Hom(Eil., El.).
rzEL1NL3
Any ¢ € Hom((L1,a1,&1), (Lo, az,E)) = HO(Ly, Hom(Er,E)) induces maps on
stalks Pz - gl'w — 52|1 Let (fI):E € HOHI((£2’O¢27(€2),(,637@3,83))7 where = €
LoN L3 and f, € Hom(&s|,, E3]z). Then we define the composition by

(P®(fw)ac'_> (fwo@;v)za $652m£3:£1ﬂ£3.

Here, f, o ¢, is a map in Hom(& |, £2,) while z runs through Lo N L3 = £ N
L3. Therefore, (f; o ¢z), is indeed an element in Hom((L£1, a1, &), (L3, a3,E3)).
Similarly, one can define the composition in the case where a; < ag = as.

Case 5. a1 = a9 = a3 < ay + 1.

In this case, we have £; = Lo = L3, and the composition in F°(M) is just the
composition of homomorphisms between local systems.

3.3. From F°(E") to FK°(E™). Now we have finished the definition of the cate-
gory F O(M ). However, it is impossible to define an equivalence between D®(Coh(E,))
and FO(ET), where E, and ET are mirror elliptic curves. Since a derived cate-
gory is always additive, it contains, in particular, finite direct sums and a zero
object. However, the Fukaya category F°(M) is merely an Ab-category (or a
preadditive category), which means that it does not necessarily contain all fi-
nite direct sums. In fact, let (Lx,ax,E), i = 1,2 be two objects in F°(M).
We assume (£,a,&) = (L1,a1,&1) & (L2, a2,&2) to be the direct sum of them.
Then we have two projections pi : (£,,&) — (Lk, ak, &) and two embeddings
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i (L, ar, Ex) — (L, , &) such that p oix = 1p(£, ay.e,) and i1 op1 +igopy =
1(z,a,e). Assuming that (Ly, ok, &) are not zero objects, we know that ;. and py
are not zero maps from the equation above. Therefore, Hom((£, o, &), (L, ak, Ek))
and Hom((Lg, ok, ), (£, a,&)) are not trivial. By the definition of the space of
morphisms in the category ]-'O(M), we know that a < aj and ap < «. There-
fore, a, = a. If Ly # L, then L, N L = 0, and Hom((L, o, &), (Li, ax, E)) =
Hom((Ly, ax, &), (L, , E)) = 0, which is a contradiction. Thus, £ = £ = L5, and
we can only possibly define the direct sum for objects having the same underlying
Lagrangians and the same a. Moreover, we can indeed define the direct sum for
such pair of objects by taking the direct sum of their local systems:

(ﬁvaaMl) S5 (E,Q,Mg) = (‘Caale S MQ)

This definition works because the morphism space between objects with the same
underlying Lagrangian and the same « is, by definition, equal to the morphism
space between the local systems. Therefore we can define pr and i from the
corresponding maps associated to the direct sum of local systems.

Therefore, to construct an equivalence between D?(Coh(E,)), which is additive,
and FY(ET), which is merely preadditive, we have to allow the formal direct sum
in FO(ET). As F°(E7) is an Ab-category, we will use the following general con-
struction to enlarge an Ab-category to an additive category. This construction can
be found in Kreussler’s paper [3].

Let A be an Ab-category. We will enlarge A to an additive category A. First, we
define the objects of A to be the ordered k-tuples of objects of A where k& > 0 runs
over all non-negative integers. Second, the morphisms are formed by the matrices
of morphisms of A, and their composition is defined in the obvious way. For those
who prefer a more formal definition, we can write down the objects and morphism
spaces explicitly:

k
ob(4) = [T [T onA).

k>0v=1
and
Homy (A4, B) = H Hom(A;, B;j),
(4,4)

where A = (A1, As, ..., A;) and B = (By, Ba, ..., B;) are objects of A. One can
easily verify that the 0-tuple is a zero object of A, and we denote it by 0. If the
category A already contains a zero object 0, then all k-tuples of the form (0,0, ..., 0)
are isomorphic to 0. Moreover, it is easy to see that A is an additive category and

the functor A — A sending an object to the 1-tuple of the same object, is a uni-
versal functor from A to an additive category.

Now, we apply the construction above to the preadditive category F°(E™) and
define the Fukaya-Kontsevich category FKX(ET) := F°(ET). It is an additive cate-
gory, and we will prove that it is equivalent to the category D’(Coh(E,)).

Similar to the isogeny 7, and the associated push-forward 7., and pull-back 7
functors, we introduce a map p, and define the associated functors in the Fukaya
side. The map p, from the tours E™™ to E7 is defined by p.(x,y) = (rz,y). The
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push-forward and pull-back functors associated to p, are defined as follows.

Push-forward p;..
Let (£, E) be an object in FK°(ET). We define

p7‘*((£7 «, 5)) = (pr(£)7 Ol/,pr*g),

where o/ is the unique possible value (it is determined by the slope of p,.(L£) up
to an integer) such that it lies in the same interval (k — %,k + 3] with k € Z as
a lies, and p,.€ is the direct image of the local system £. If we represent £ by
a matrix M € GL(V), then p,.£ is represented by p..M € GL(V®?), where d
is the degree of the map p,. Notice that p, is a map from S! to S', so we can
define its degree by the induced map on 7 (S') = Z. And p,..M is defined by
PraM (v1, 02, ..., v4) = (v2,03,..v4, Mv1). (One can compare this to the definition
of 7+ A in the definition of 7..)

Next, we will define the functor for morphisms. Let (£1, a1, &1) and (La, g, &)
be two objects in FK(ET).

Case 1. pr(L1) # pr-(L2) : In this case, we have

Hom((Ly,01,&1), (L2, 02,8)) = @) Hom(&1ls, Eala),

zeLiNL2
and
Hom(pr. (L1, a1, &1)), pre (L2, 2, E2))) = o, Hom(pr.(€1)]y, pr«(E2)]y)-
yeP-(L1)Npr(L2)

Notice that p,.(E)|, = P
obvious way.
Case 2. L1 = Lo: In this case, we have

Hom((L1, a1,&1), (L2, 0,&2)) = H (L1, Hom(E1,E2))
for some v € {0,1}, and
Hom (pr« (L1, 1, &1)), Pr«((L2, a2, E2))) = H' (pr(L1), Hom(pr«(E1), prs(E2)))-
Then we can use the canonical homomorphism of sheaves
preHom(Er, Ea) — Hom(prs(E1), Prv(E2))

and the fact that p, is a local homomorphism to obtain the required map.
Case 3. Ly # Lo but p.(L1) = p-(L2): In this case, £, N Lo = (. And the map
Prs 18 just zero.

2EL pr(x)=y E|z, thus we can define the functor p,. in an

Now, we have to verify that p,. defined above is indeed a functor, i.e., we have
to verify the compatibility of p,. with compositions. Let (Lg,ax, ), k € {1,2,3}
be three objects in FK(E"T). If at least two of these three objects have the same
underlying Lagrangian submanifold, then the compatibility can be easily verified
from the definition. If Ly, k& € 1,2,3 are differ from each other, then we have to
compare two sums. Recall that the composition in E7 sums over ¢” : D — E7,
and the composition in E™™ sums over ¢'7 : D — E"". If we lift both maps to R2,
then their images are triangles with Euclidian areas Ay~ and Ag4--. Notice that
the map p, defines a bijection between these triangles and that Ay = rAg--, so
we can verify the compatibility easily. Next, we will define the pull-back functor p.



MIRROR SYMMETRY OF ELLIPTIC CURVES 23

Pull-back p;

Let (£, a, &) be an object in FX?(ET). Assume that the preimage p; (L) con-
sists of n connected components £, £2) .. £ e p1(L) = 11— L£*) . Then
the restrictions pgk) : L) — £ are of degree d == r/n. And we define

piL, €)= @ULW, o, o)),
k=1

where o is the unique possible value such that it lies in the same interval (k —
%, k+ %] with k € Z as « is, and (pguk))*é‘ is the pull-back of a local system. If the
local system & is represented by a matrix M € GL(V), then (pgk))*g is represented
by M¢ € GL(V). The definition of p} also tells us why we have to consider the
additive category FK"(E) instead of FO(E). One observes that the preimage of a
line in the torus may consist of several disconnected lines. Since these lines can be
transformed to each other by translations, there is no line that is more important
than the others. Thus, we have to contain all of these lines in the pull-back object.
In other words, we have to allow finite direct sums in our category, which leads to
the definition of the category FK"(E).

Next, we will define p} on morphisms.

Case 1. L1 = L4 : In this case, we have

Hom((ﬁl, aq, 51), (ﬁg, a9, 82)) =H" (El,Hom(El, 52)),

for some v € {0,1}, and

Hom(p:((['h a1, 61))7}7:((‘627 2, 52))) = @ HU(‘Cgk)7 Hom((pfak))*gl, (pgk))*‘c/é))'
k=1

Notice that there is a canonical homomorphism
Hom((p")"Ex, (b)) €2) — (V) Hom (&1, &).

Thus the required map p; can be constructed by taking cohomology.
Case 2. L1 # Lo : In this case, we have

Hom((ﬁlaalagl)v(£27a2752)): EB Hom(51\z,52|z)7
z€LiNLa
and

Hom(p;:((£1, a1, 1)), Py (L2, a2, E2))) = ) Hom(&1lp, (): E2lp, )

yeEpy (L1)Npr M (L2)

where the second equation comes from (pi’“))*e\y = Elp.(y)s Yk € {1,2,...,n}. Now
assume that f € Hom((£y, a1,&1), (L2, az,E)) has components f, € Hom(&1|z, Ealx)
with « € £, N Ly. We define the component (pff), of pif corresponding to
y € pytLyNpytLy by

(5 f)y = fpoy) € Hom(E1lp, (), E2lp, ()-

One can check that p} defined above is indeed a functor by proving its compatibility
with composition. The proof is similar to that of p,., so we will omit it here.

Apart from the pull-back and push-forward functors of p, defined above, we also
need the pull-back and push-forward functor of a translation. A translation on
E™ isamap t: E™ — E7 of the form t(x,y) = (x — xo,y — yo) for some fixed
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(70, y0) in R%2. We define its pull-back by t*(£,a, &) == (t71(L),a, t*E). Since t is
an isomorphism, we can define t* on morphisms in an obvious way. Moreover, one
can easily verify that ¢t* is indeed a functor, i.e., it is compatible with composition.
We can define the push-forward functor ¢, in a similar way.

Similar to the case of 7 and ,., we have the following lemma about adjointness
of py and py.:

Lemma 3.9. Let p,. : E'7 — E7 be as above and t : E™ — E7 be a translation
of the form t(z,y) = (x + =,y), with m,n € Z. Definep =top, : B’ — ET.
Let (L1, 01,&1) and (Ly, aa, E) be objects in FK*(ET) and FK°(E™™) respectively.
Then we have following functorial isomorphisms:

Hom(p* (L1, a1,&1), (L2, a2, &) = Hom((L1, a1, &1), pe (L2, 2, E2)),
and

Hom(py (L1, a1,&1), (L2, a2, &) = Hom((L1, o1, &1), p" (L2, 2, E2))

The detailed proof of this lemma can be found in Kreussler’s paper [3], and we
will not repeat it here.

4. THE EQUIVALENCE

In this section, we will construct a functor ¢, from D?(Coh(E,)) to FK°(E™)
and prove the following main theorem:

Main Theorem: There is a functor ¢, : D*(Coh(E,)) — FK°(E™) and it is
an equivalence of additive categories that is compatible with the shift functors.

First, we have to define ¢, on objects of D’(Coh(FE;,)). Recall that any element
of D*(Coh(E;,)) is a direct sum of some elements with the form F[n], where F is
a vector bundle or a skyscraper sheaf. Thus, we only have to define ¢, for objects
of the form F = F[0] € D*(Coh(E,)). Then we can extend the definition of ¢, to
objects of the form F[n] by shift functors, and then to a general object by taking
finite direct sums in both categories.

To define ¢, on any vector bundle or skyscraper sheaf, we first define it on
objects of the form L(¢) ® F(V,exp(N)), where ¢ = t__ 00 - op ' and V is a
finite dimensional vector space and N € End(V) is a cyclic nilpotent endomorphism.
Here, we call a nilpotent endomorphism N cyclic, if the corresponding C[N]-module
structure on V is cyclic. Moreover, the following lemma tells us that N is cyclic if
and only if dimker N = 1.

Lemma 4.1. N is cyclic if and only if dimker N = 1.

Proof. Consider the minimal polynomial P of N. Since N is nilpotent, P(x) = a”
for some 7, where r is determined by N"~! # 0 = N". Now, we assume that N is
cyclic, so that there exists a generator w € V such that V = C[N]-w. Now, I claim
that {w, Nw, ..., N""tw} is a basis of V. It clearly generates V since V = C[N] - w
and N"w = 0. So we only have to verify that they are linearly independent. Assume
that agw + a1 Nw + ...+ a,_1N""tw = 0. Then Q(N)w = 0, where the polynomial
Q is defined by Q(x) = ag + a1z + ... + a,_12" 1. Using V = C[N] - w once again,
we know that Q(N) -V = 0. So the minimal polynomial P should divide @, which
is a contradiction. Therefore {w, Nw, ..., N""lw} is a basis of V. Consequently
r =dim(V) and dimker N = 1.
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Conversely, assume that dim(V') = n. Then dimker N =1 tells us that there is
only one block in N’s Jordan normal form. Thus N"~! # 0 = N". Take w € V
such that N™ 1w # 0, then w, Nw, ..., N"~w are linearly independent and form a
basis of V. Therefore V = C[N]-w and N is cyclic. O

Back to the definition of ¢,, we define
¢-(L(p) @ F(V,exp(N))) = (£, €),

where £ is defined by (a + ¢, (n — 1)a + nt), « is the unique possible real num-
ber satisfying a € (—%, %]7 and & is a locally free sheaf represented by M =
exp(—2mibly + N). Sometimes, we use the notation (£, a, M) instead of (£, o, £).

Next, we will define ¢, for a general vector bundle F on E.. By Proposition
2.30, there exists a positive integer  and a function ¢ =t} ., ¢0 - @p ! such that

F =7 (L(p) ® F(V,exp(N))). Then we define

¢ (F) = ¢r(mra(L(p) © F(V,exp(N)))) = pradrr (L(p) @ F(V,exp(N))).

Here, noticing that L(¢) ® F(V,exp(N)) is a coherent sheaf over E,., we can use
¢rr to map it to an object in FX°(E"). After that, we apply the push-forward
functor p,. to get an object in FKX(ET), which is our definition of ¢, (F).

To finish the definition of ¢, on objects, we also need to define ¢, for a skyscraper
sheaf. Following Polishchuk and Zaslow’s notation in their paper [7], we use A =
S(at+b,V, N) to represent a thickened skyscraper sheaf A. To be specific, for every
zo € C and a indecomposible nilpotent endomorphism N € End(V'), we have the
corresponding coherent sheaf of C supported at zg. Namely, O,.,, @V/(z—z9— %),
where r = dim V' is the smallest positive integer such that N” = 0 (this is because
N is indecomposible). We denote by S(zg, V, N) the direct image of this sheaf on
E,. Using this notation, we have the following definition for A = S(ar + b, V, N):

1
o-(A) = (L, 3 exp(2mibly + N)).
Here, L is defined by (—a,t).

Now, to get a functor, we also have to define ¢, for morphisms.
Notice that we have shift functors in both categories and that we can take finite
direct sums, thus we only have to define

¢r : Hompecon(g, )) (A1, A2[n]) — Homzyogr)(¢7 (A1), o7 (A2)[n]).

Since both sides vanish if n ¢ {0, 1}, we only have to define the map in case n =0
and n = 1. Moreover, by using Serre duality

HOII’I(Al, Ag[l]) = HOII](AQ, Al)*
and

Hom(¢- (A1), ¢7(A2)[1]) = Hom (¢ (Az2), ¢7(A1))"

in both sides, we only have to deal with the case when n = 0.

STEP 1. We first define ¢, for A; = L(p;) ® F(V;, exp(N;)), and we assume that
(ZST(AZ) == (L:’Lv (073} M’L)
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Case 1. We further assume that £, # L5. Then we have

Hom pi(con(g, ) (A1, A2) = Hom(L(p1) ® F(V1,exp(Ny)), L(p2) ® F(Va, exp(N2)))
= HY(E,, L(pap7 ) © F(V;* @ Vo, exp(Nz — NY)))
= H(Er, L(p2p; 1) © Vi @ Va.

Here, the last isomorphism VW2 o7 No— N7 is given in Proposition 2.31, and we use
N3 — N7 to denote the endomorphism 1y+ @ No — Ni* ® 1y of Vi ® Va.

The degree of the line bundle L(goggofl) is ng —ny. Therefore, when ny > ns, the
degree is negative and there are no holomorphic sections, i.e., Hom(A4;, A2) = 0.
Moreover, Hom(¢, (A1), ¢-(Az) also vanishes because a1 > as. If ny = na, notice
that the only degree 0 line bundle that admits non-zero holomorphic sections is the
trivial bundle (or the structure sheaf), thus Hom(A;, A3) = 0 or L(¢1) = L(p2).
If it is the first case, then both morphism spaces are zero. If it is the second case,

then the problem reduces to homomorphisms of vector spaces. If n; < ng, then
Home(Coh(E,.))(Al, AQ) = HO(E.,-, L(QDQQDl_l)) ® Vl* ® VQ.

Moreover, one can compute that

na—ni

—1 * * —1
P21 = ta17'+b1 %o - t(l27'+b2 Yo %o

N2 —n1

= t;127'+b12 (300 )7

where

as — ay by — by
aig = and b12 = .
Ny — Ny ng — Ny

Therefore, we have the standard basis of theta functions on H°(L(p2¢71)):
k

N2 — Ny

t:127+b129 |: ’O:| ((nQ - nl)T7 (n2 - ’fll)Z)

:9[ i ,0} (na = n1)7, (ns — 11)(2 + a7 + bia)),

Ny — Ny

k € Z/(na — n1)Z. We use fi to denote this function. On the other hand, the
points of £1 N Ly can easily be found from ¢, to be

k+a2—a1 nlk—|—n1a2—n2a1
€L —
ng—nig ng — 1

) , k€Z/(ng —n1)Z.

Now we can define the map ¢, by mapping fi to e up to a constant. To be specific,
let T € Vi* ® Vo, then we define

o (V(fr ®T)) = exp(—mitaiy(ng —ny)) explaia(Na — Ni — 27i(ng —n1)bi2)]T - ex.

Case 2. Now we deal with the case where £1 = L. Under this assumption,
we know that m; = ng and a; = ao. Therefore, L(gpg(pfl) is of degree zero.
Because the trivial bundle is the only line bundle with nontrivial sections, we have
HO(L(pa07t)) = 0 or o1 = o If o1 # @o, then by # by and there does not exist a
common eigenvalue of M; = exp(—2wib; 1y, + N1) and My = exp(—2miba1y, + No)
because of the lemma bellow. This tells us that Hom((Ly, a1, M1)(L2, ag, M3)) = 0,
so the spaces of morphisms are zero on both sides.

Lemma 4.2. Let N be a nilpotent linear morphism of V and b be a real number.
Then M = exp(—2mibly + N) only has the eigenvalue exp(—2mib).
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Proof. Since N is nilpotent, N only has the eigenvalue 0. So in N’s Jordan normal
form J, its diagonal entries are all 0. Thus, exp(J) is a upper triangular matrix with
all its diagonal entries equal to 1, which tells us that exp(J) only has the eigenvalue
1. Since N and J are similar, so are exp(/N) and exp(J), hence exp(N) only has the
eigenvalue 1. Then it is easy to see that exp(—2mibly + N) = exp(—2mib) - exp(NN)
only has the eigenvalue exp(—2mib). O

If 1 = ¢q, then the operators M; have the same eigenvalue exp(—27iby). This
tells us that

Hom zyo(pry(¢-(A1), 7 (A2)) = HO(Ly, Hom(&r,E))
={f:Vi=> WMo f=foM}
={f: V1 = Valexp(Ny) o f = foexp(N2)}
= Hom (F(V1, exp(Ny)), F'(Va, exp(N2)))
= Hom pb(con(E,)) (A1, A2)

Then we define ¢, to be this isomorphism .

STEP 2. Now we extend the definition of ¢, to morphisms between locally
free sheaves. Assume that F and G are two locally free sheaves over E, then by
Proposition 2.30 again, we know that F = m,,.&1 and G = 7, &, where r; and 9
are two positive integers and & = L(yp;) ® F(V;,exp(NN;)) are two vector bundles
(locally free sheaves) on E, .. Then we consider the cartesian product

7'l'7~2

E ETQT

Try l lﬂ'rz
T

1
Erl'r —F,

That istosay E == E,,; xg_E,,r, and we denote the projections by 7, : E — E,,,.
When ged(r1,79) = 1, E 2 E, ., is an elliptic curve. In general, F is a disjoint
union of several elliptic curves. Concretely, we assume that d = ged(rq,r2). Then
E = E,; x Z/dZ is a disjoint union of d elliptic curves, where r := *72. The
restriction of the map 7, to the v-th connected component is denoted to be 7y, .
It is the composition of the isogeny 7rs_; : Fp.r X {v} — E,,; with the translation
by v7 on E,, . and with the identity oﬂi E,,-. We can also use translations by s;7
on F, . for any pair of integers (s1, s2) satisfying s; — s = v mod d. The choice
of the pair does not affect our conclusion because they only differ by a translation
on E,; by st for some s € Z.

Using Corollary 2.29, which tells us the adjointness properties of 7, and 7*, we
have the following canonical isomorphism
Hom(F,G) = Hom(m,,+&1, Ty &2)
= Hom(?rfl gl, %:2 52)
d
= P Hom(x;, &, 77, ,E2)

v=1
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On the other hand, we can do the similar construction in the symplectic side.
To be specific, we also consider the following Cartesian diagram

Pro
E' s E’I"QT

ﬁrl l lprz

ET prlz ET

Here, E = E"7 x g E™7 and p,, are the corresponding projections. Similar to
the case of coherent sheaves, we know that £ = E'™™ x Z /dZ, where d = ged(ry,72)
and 7 = "2, We denote p,, , to be the map p,, stricted to the v-th connected
components. Similar to 7, ., pr,,, is the composition of the map Prai E™ x
{v} — E™" with a translation of the form (z,y) — (x—n,y), where n is determined
by corresponding translations on the elliptic curve E,., .

Since p, and p* are also adjoint, there exists a functorial isomorphism

Hom(prl*(ﬁl, aq, 51),])7»2*([,2, a9, 52))
d
= @Hom(pil,u(‘cla ag, 51)’p/>:'2,l/(£27 aa, 52))
v=1

Combining these isomorphisms, we can define ¢, by the following commutative
diagram

Hom(7m,, « &1, Ty E2) = .5 Hom(ry, ,&1,77, ,E2)
Ddrr
@ Hom(¢rr (77, ,€1), Orr (77, ,E2))
br ~

D Hom(pf,l’l,gbrlq-(gl),p;’f%,,(bmq-(52))

o

Hom((b‘r(ﬂ—ﬁ*gl)v ¢T (Wrz*(c;?)) — Hom(ph*d)hT(gl)apr2*¢7“27’(€2))‘

Here, we use the isomorphism ¢, (7*(£)) = p*(¢-(€)), where £ = L(p)QF (V, exp(N))
and 7 is an isogeny, and the compatibility of translations with ¢. And notice that
7y, ,&i still have the form of L(¢’) ® F(V',exp(N’)), so we can apply ¢, to the
morphism space between then as in STEP 1.

STEP 3. Now we have to deal with the case where A; or A, is a torsion sheaf.
By Serre Duality, we know that Hom(A;, Ay) = Ext'(As, A1) = 0 when A, is a
torsion sheaf and Aj is locally free. Meanwhile, one can obtain a; = % > ag by
definition, and thus Hom((L1, aq,&1), (L2, a2,&)) = 0 and everything fits nicely.
The only case that remains is when Ay = S(as7 + ba, Vo, N3) is a torsion sheaf.
Now, we have two cases to consider: A; is a locally free sheaf or Ay is a torsion
sheaf.

Case 1. In this case, we assume that A; is a locally free sheaf.
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Case 1.1. Since every locally free sheaf is isomorphic to the push-forward of a
vector bundle of the form L(y1) ® F(V1,exp(Ny)), we first consider the case where
A1 = L(p1) @ F(Vy,exp(N1)). Since A has only one non-zero stalk, Vs at a7 + ba,
we have

Hom(A;, As) = Hom(V1, Vo) = V" @ Va.
On the other hand, £1 N £, has only one point in this case, thus
Hom(¢- (A1), ¢-(A2)) = Hom(V1, Vo) = V" ® Va.
And the isomorphism ¢, : V* ® Vo — Vi* @ V3 is defined by
exp[—mf(na% + 2a1a2) — 2mi(agby + a1be + nagbs)]-
exp[—(a1 + nag) . 1V1* ® Ny +as - tNl ® 1V2]~
Case 1.2. Now we assume that A; is an arbitrary locally free sheaf. Then

Ay & 7. & for some isogeny 7. and & = L(p1) @ F(V1,exp(Ny)). We define ¢,
by the following commutative diagram:

Hom(7,+&1, Ag) -~ = Hom(&, 7} A2)
= drr
Hom (o7 (&1), ¢rr (7 A2))
ér >

Hom(¢,-(&1), prd-(As2))

o

Hom(¢r (777“*51)» or (AQ)) ~= Hom(pr*¢TT(51)7 br (AQ))

Here, we use the isomorphism ¢(7*As) =2 pigp(As), which can be easily verified
from the definitions. Notice that & has the form of L(p1) ® F(V1,exp(N1)), so we
can apply ¢,, to the morphism space Hom(&;, w5 As) as in Case 1.1.

Case 2. Now we discuss the second case where A; = S(a17 + by, Va, No) is
also a torsion sheaf. If A; and Ay have different support, then Hom(A;, A3) =
Ext' (A1, A2) = 0. On the symplectic side, ¢(4;) = (L;, &, M;) where £; = (—a;, t).
Therefore, if a; # ag, then £1 N Ly = 0 and Hom(¢, (A1), ¢-(A42)) =0. If a1 = as
but by # by, then M7 and M do not have common eigenvalues. Therefore, we have

Ho(ﬁl, Hom(Ml, Mg)) = Hl(ﬁl, Hom(Ml, Mg)) = 0,
and thus
Hom(¢T(A1)7 ¢T(A2)) =0.
Finally, if A; and Ay have the same support, i.e., a1 = as and b; = bs, then
HOm(Al, A2) = HomOET,alTerl ((Vlu N1)7 (‘/27 NQ))
= {f € Hom(V,Va) | fo N1 = Nao f}
={f € Hom(V;,Va) | foM; = Mo f}
= Ho(ﬁl, Hom(é'l, 82))
= Hom(qST (Al)v ¢T (AQ))
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We have finished the definition of the functor ¢,. The next step is to verify that
¢, is indeed a functor, i.e., we have to show the compatibility of ¢ with compositions
or to prove the commutativity of the following diagram

HOHl(Al, As []{ZD & HOID(AQ [k], Az [l]) HOHl(Al, As [l])

J{¢T®¢T i ¢

HOIH((bT <A1)7 (b’r (A2)[k]> ® HOIH((;ST (A2)[k]7 (b‘r (A3)[l]) - HOIH((bT <A1)7 (b’r (AJ)[Z])

To have non-zero morphism spaces in the diagram, we have to require that
0 <k <I1<1. Wedenote ¢(4;) = (L, a3, M;). If I = 1, then using the canon-
ical isomorphism Hom(V; ® V5, V5) = Hom(V3 ® Vi, V%) and the isomorphism
Hom(A, B[1]) 2 Hom(B, A)* in both categories, we know that the diagram above
is equivalent to the following diagram

HOIII(A3, Al) X HOHl(Al, AQ) HOm(Ag, Ag)

ldn Qbr \L@

Hom(¢-(A3), ¢-(A1)) @ Hom(¢r (A1), ¢-(A2)) —— Hom(¢r(A3), ¢ (A2)).

Therefore, we only have to deal with the case where k =1 = 0.
The detailed proof of this case can be found in section 4 of Kreussler’s paper [3],
and we will omit it here.

Now, we have constructed a functor ¢, : D*(Coh(E,)) — FK°(ET) that is, by
definition, additive, fully faithful and compatible with shift functors. To prove our
main theorem that ¢, is an equivalence, we only need to prove that any indecom-
posible object in FX°(ET) is isomorphic to an object of the form ¢,(A), where A
is a vector bundle or a skyscraper sheaf on E.. Let (£, o, M) be an indecomposible
object in FK°(ET). Then recall that (£, a, M) @ (L£,a, M) = (£, o, My & M),
thus (£, «, M) is indecomposible implies that M is indecomposible. Therefore,
there exists only one Jordan block in M’s Jordan normal form. Moreover, since
we only consider locally free sheaves whose monodromy only has eigenvalues of
modulus one, the diagonal entries of M’s Jordan form should be the same complex
number with modulus one. Therefore, we can describe M, up to conjugation, as

M = exp(—2mib+ N) € GL(V),

where b is a real number and N is a cyclic nilpotent endomorphism of V. Be-
cause ¢, is compatible with the shift functors, we can assume that « € (—%, %} If
a = %, then the line £ is perpendicular to the z-axis, and we denote a € (—1,0]
to be the x-intercept of a line in R? that represents £. One can easily verify that
¢+ (S(—at —b,V,N)) = (L,a,M). If a < %, we first fix a pair of relatively prime
nonnegative integers (r,n) such that 2 is the slope of the line passing through the
origin and exp(iwa), i.e., r 4+ in is a real multiple of exp(ira). Next, we can de-
termine a real number a by requiring ¢ < [0, %) to be the smallest nonnegative
x-intercept of £. Then we define ¢ =7, 00 - @i~ And one can easily verify
that ¢ (mps(Lrr () @ Frr(V,exp(N)))) = (L£,a, M). In conclusion, any object in
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FK°(E7) is isomorphic to an object in the image of ¢,, and ¢, is indeed an equiv-
alence from D®(Coh(E,)) to FK(ET).
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APPENDIX A. COHERENT SHEAVES

In this appendix, we give the definition of (quasi)-coherent sheaves and skyscraper
sheaves. We also present some basic properties without proof. For those who are in-
terested in the detailed proofs, Hartshorne’s book [2] is a good reference to consult.
Now, we begin with the definition of a (quasi)-coherent sheaf.

To define (quasi-)coherent sheaves on an arbitrary scheme X, we first focus on
the case where X is affine, i.e., X = Spec(4) for some ring A. In this case, all
coherent sheaves are coming from A-modules, which can be seen in the following
definition. In general, coherent sheaves are sheaves that locally come from the
modules.

Definition A.1. Let A be a ring. Then, for any A-module M, we can asso-
ciate a sheaf on X = Spec(A) denoted by M. This sheaf is defined as follows.
For each open subset U C X, M(U) = {s : U — Upeu M, | s(p) € M, Vp €
U, and s is locally constant}. By locally constant we mean that for any p € U,
there exists a neighborhood V of p in U, and m € M, f € A, such that for any
g € V, we have f(q) # 0 and s(q) =m/f in M,.

Proposition A.2. Let A be a ring and M be an A;@odule. Let B be another ring
and f: A — B be a ring homomorphism. Denote M to be the sheaf associated to
M. Then M is a sheaf on X = Spec(A). And we have the following propositions:

a) M is an Ox-module.

b) Vp € X, we have (M), = M,, where p is the prime ideal that corresponds
to p.

c) VfeA M(D(f)) =2 My as Ox(D(f)) = Ay-modules, where D(f) == {p €
Spec(A) | f(p) # 0} is an open subet of X.

d) T(X,M) =M.

Proposition A.3. Let A be a ring and M be an A-module. Denote M to be the
sheaf on X = Spec(A) as in the above definition. Then, we have:

a) M — M gives an exact and fully faithful functor from the category of A-
modules to the category of Ox-modules.

b) Let M and N be two A-modules, then m ~M®N.

¢) Given a family M; of A-modules, we have G/B\J\Z >~ @J\Z.

d) For an arbitrary B-module N, we have f*(]\/\j) ~ 4N, where 4N means N
considered as an A-module.

e) For an arbitrary A-module M, we have f*(M) > M ®a B.

Next, we will define (quasi-)coherent sheaves in the general case.

Definition A.4. Let (X,0Ox) be a scheme. A sheaf of Ox-modules F is quasi-
coherent if there exists an open affine covering {U; = Spec(4;) |i € A} of X such
that Fly, = ]\A/.IfZ for some A;-module M;. We say that F is coherent if each M; can
be taken to be a finitely generated A;-module.

Remark A.5. When we talk about coherent sheaves, we often assume that the
base scheme X is noetherian, because coherent sheaves can behave very badly on
nonnoetherian schemes.
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Lemma A.6. Let X = Spec(A) be an affine scheme and F be a quasi-coherent
sheaf on X.

a) For arbitrary s € T'(X,F) such that s restricts to 0 over D(f), there exists
a positive integer n such that f™s = 0.

b) For arbitrary t € T'(D(f),F), there exists a positive integer n such that f"t
extends to a global section over X.

Next, we will see that (quasi-)coherent is a local property, which means that the
sheaf restricts to the form we have seen above over every open affine subset.

Proposition A.7. Let X be a scheme. Then an Ox-module F is quasi-coherent
if and only if for any open affine subset U = Spec(A) C X, there exists an A
module M such that F|y = M. Moreover, if X is noetherian, then F is coherent if
and only if the same is true with the extra condition that M be a finitely generated
A-module.

Corollary A.8. The functor from the category of A-modules to the category of
quasi-coherent Ox-modules defined by M +— M is an equivalence of categories.
Moreover, when A is noetherian, the restriction of the same map gives an equiv-
alence between the category of finitely generated A-modules and the category of
coherent O x-modules.

Theorem A.9 (Grothendieck vanishing theorem). Let X be an affine scheme, and
F be a quasi-coherent sheaf on X. Then H'(X,F) =0, Vi > 0.

Corollary A.10. Let X be an affine scheme, and let0 - F — F - F" = 0 be a
short exact sequence of Ox-modules, and assume that F' is quasi-coherent. Then
the sequence of global sections is still exact:

0—-T(X,F)—=T(X,F) - T(X,F") = 0.

Proposition A.11. Let X be a scheme. Then the kernel, cokernel, and image of
any morphism between quasi-coherent sheaves are still quasi-coherent. Any exten-
sion of quasi-coherent sheaves is still quasi-coherent. Moreover, if X is noetherian,
the same is true for coherent sheaves.

Next, we will see that in some cases, (quasi)-coherent sheaves are preserved under
pushforward and pushback.

Proposition A.12. Let f: X = Y be a morphism of schemes.

a) f* pulls back quasi-coherent Oy -modules to quasi-coherent Ox -modules.

b) If X and Y are noetherian, the similar statement of a) holds for coherent
sheaves.

c) Assume that either X is noetherian or f is quasi-compact and seperated.
Then f. pushs forward quasi-coherent Ox-modules to quasi-coherent Oy -
modules.

Remark A.13. If we want to extend statement c¢) to the case of coherent sheaves, we
have to make stronger restrictions on f. The condition that X and Y are noetherian
is natural but is not strong enough. However, it is true if f is a finite morphism or
a projective morphism, or more generally, a proper morphism.

Now, we will introduce another definition of (quasi-)coherent sheaves.
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Definition A.14. A quasi-coherent sheaf on a ringed space (X, Ox) is a sheaf F
of Ox-modules which has a local presentation, i.e., for every point p € X, there
exists a neighborhood U of p such that there is an exact sequence

o v = 0% |luv = Flu =0

for some (possibly infinite) sets I and J. A coherent sheaf is a quasi-coherent sheaf
F satisfying the following two properties:

a) F is of finite type over Ox, i.e., for every point p € X, there is a neighbor-
hood U of p such that there exists a surjective morphism O% |y — F|y for
some positive integer n.

b) For any open set U C X, any positive integer n, and any morphism ¢ :

%|luv — Flu of Ox-modules, the kernel of ¢ is of finite type.

Remark A.15. One can check that when X is a scheme, and Ox is the sheaf
of regular functions, the new definition above is equivalent to the more concrete
definition using sheaves associated to modules before.

Definition A.16. Let (X, Ox) be a ringed space. An Ox module F is locally free
if and only if for every point p € X, there exists a neighborhood U of p, such that
Flu =2 @1,(Ox|v) for some index set I,,. F is free if and only if F = @©7(Ox) for
some index set I.

Remark A.17. For a locally free sheaf F, when the index set I, is finite, we will
call the number of elements of I, the rank of F at p. Clearly, the rank is locally
constant. Thus, when X is connected, every point of X has the same rank, we call
it the rank of F.

An example of a non-locally free sheaf is the skyscraper sheaf O,, over a point
zop on an elliptic curve X, defined by an exact sequence:

Oxgg)OX—>020—>0.

The map z — zg means multiplication by z — z5. One can easily verify that the
stalk of O,, over zy is C, but zero over other points. More generally, we can define
“thickened” skyscraper sheaves O,,., by replacing (z — zp) by (2 — 2z)™ in the above

exact sequence:
P 7Z0)n

OX(—> Ox — Oy, — 0.
Similarly, the stalks of O,,,, are zero except at zy, where it is C™.

APPENDIX B. MINIMAL, CALIBRATED, AND SPECIAL LAGRANGIAN
SUBMANIFOLDS

A detailed discussion of these three kinds of submanifolds can be found in Port’s
paper [8]. Moreover, D. Lotay’s paper [5] also serves as a decent reference. We will
be satisfied with presenting the main theorems without proof here.

First, we define the notion of minimal submanifolds of a Riemannian manifold.

Let M be a Riemannian manifold. The Riemannian metric of M restricts to any
submanifold of it. Let S be a submanifold of M. Then the tangent bundle of M
splits into two orthonormal parts when restricted to S: M|s =TS @ NS. Now, we
can define the Levi-Civita connections VM for M and V¥ for S. Then we define the
second fundamental form B by B(X,Y) = V&Y — ViY. Then B is a symmetric
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bilinear form that takes value in NS. The mean curvature H is then given by the
average of the eigenvalues of the second fundamental form, i.e., H = %Trace(B),
where n is the dimension of S. Using the mean curvature, we can define the notion
of minimal submanifolds.

Definition B.1. Let M be a Riemann manifold and S be a submanifold of M.
Then S is called a minimal submanifold of M if its mean curvature H = 0.

Remark B.2. Geometrically, one can prove that a minimal manifold is a submanifold
such that any small deformation of its embedding does not change its volume. This
can be seen by calculating the first variation formula. The detailed proof can be
found in Port’s paper, so we will omit it here.

Next, we define the notion of calibrated submanifolds of a Riemannian manifold.

Definition B.3. Let M be a Riemannian manifold. The Riemannian metric in-
duces a volume form voly on any subspace V C T, M and any x € M. Then a
k-form 7 is called a calibration on M if it is closed and 75|y = A-voly for some A <1
for any oriented k-dimensional subspace V' C T, M and any x € M. A submanifold
N — M is calibrated with respect to calibration n (or n-calibrated) if n|r, y = voly
for all x € N.

It turns out that a calibrated submanifold (with respect to any calibration) is
always a minimal submanifold. To be specific, we have the following proposition.

Proposition B.4. Let M be a Riemannian manifold and n be a calibration on
M. Let N be a compact calibrated submanifold of M with respect to . Then N is
volume minimizing in its homology class.

Proof. Let N’ be a submanifold of M such that it belongs to the same homology
class of N. Then we have

/VolNz/n:/ T]S/ voly- .
N N ! !

Here, the first equation holds because N is a calibrated submanifold, and the in-
equality holds because 7 is a calibration on M. ([

Remark B.5. Since any small variation of N results in a submanifold lying in
the same homology class of N, the proposition above tells us that a calibrated
submanifold is always volume-minimizing, and thus is a minimal manifold defined
above.

Finally, we define the notion of special Lagrangian submanifolds of a Calabi-Yau
manifold.

Definition B.6. Let M be a Calabi-Yau manifold with the Calabi-Yau form ) =
Q1 +1iQy. Than L is a special Lagrangian submanifold of M if L is Lagrangian and
Q2|L =0.

The main goal of this section is the following proposition.

Proposition B.7. Let M be a Calabi-Yau manifold with its Calabi-Yau form (2 =
U + 2. Then the special Lagrangian submanifolds of M are the (1 -calibrated
submanifolds, and thus they are minimal submanifolds of M.
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The proof of this proposition can also be found in Port’s paper [8], and we will
not repeat it here. s

In this paper, we are only concerned with the case where M is a torus. In this
case, all 1-dimensional minimal submanifolds of M are just geodesics, i.e., the im-
age of lines in R? under the map R? — R?/Z? =2 M. Moreover, to define a closed
submanifold of M, the slope of the line must be rational. We can identify the slope
with a pair of coprime intergers (p, ¢), and the slope is p/q. Apart from the slope,
in order to fix the line, we need to know its interception point with the y-axis (or
x-axis if q=0).
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